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Abstract:
We develop a general theoretical framework for the description of higher–twist baryon
operators which makes maximal use of the conformal symmetry of the QCD Lagrangian.
The conformal operator basis is constructed for all twists. The complete analysis of
the one-loop renormalization of twist-4 operators is given. The evolution equation for
three-quark operators of the same chirality turns out to be completely integrable. The
spectrum of anomalous dimensions coincides in this case with the energy spectrum of the
twist-4 subsector of the SU(2, 2) Heisenberg spin chain. The results are applied to give
a general classification and calculate the scale dependence of subleading twist-4 nucleon
distribution amplitudes that are relevant for hard exclusive reactions involving a helicity
flip. In particular we find an all-order expression (in conformal spin) for the contributions
of geometric twist-3 operators to the (light-cone) twist-4 nucleon distribution amplitudes,
which are usually referred to as Wandzura–Wilczek terms.
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1
1 Introduction
Higher-twist effects in hard processes in QCD generically correspond to corrections to
physical observables that are suppressed by powers of the hard scale. They are important
in order to achieve high accuracy, and interesting because higher-twist corrections are
sensitive to fine details of the hadron structure. A theoretical description of higher
twist effects within QCD factorization involves contributions of a large number of local
operators which are much more numerous compared to the leading twist so that the
choice of a proper operator basis is important. This choice is not unique, as exemplified
by the two existing classical approaches to the twist-4 effects in deep-inelastic lepton
hadron scattering [1, 2]. The “transverse” basis of Ref. [2] leads to simpler coefficient
functions whereas the “longitudinal” basis of Ref. [1] (see also [3]) allows for a parton-
model-like interpretation [4].
The renormalization of higher-twist operators corresponds to the scale dependence
of the physical observables. For twist three, the corresponding study is essentially com-
pleted. The anomalous dimension matrix for baryon operators was first calculated in [5],
for chiral-even quark-antiquark-gluon and three-gluon operators in [6], and for chiral-
odd in [7]. The structure of the spectrum of twist-three anomalous dimensions is well
understood [8, 9, 10, 11, 12, 13, 14, 15] and in some cases explicit WKB-type expansions
are available that allow to calculate anomalous dimensions to arbitrary accuracy: The
size of the mixing matrix plays the role of the expansion parameter. Beyond twist three
much less is known. Up to now, anomalous dimensions have only been calculated for
a few operators of lowest dimension (e.g. [16, 17]). In addition, the structure of the
most singular parts of the mixing kernels for small values of the Bjorken variable that
are relevant for the contribution of two-pomeron cuts in high-energy scattering processes
was considered in [18, 19].
The modern approach for the calculation of leading-order anomalous dimensions of
higher-twist operators makes maximal use of the conformal symmetry of the renormaliza-
tion group equations. Historically, the importance of conformal symmetry in the present
context was first understood for the leading twist pion distribution amplitude and it was
instrumental for the proof of QCD factorization for the pion form factor [20, 21, 22].
A general formalism was developed in [23] for the special class of so-called quasipar-
tonic operators that are built of “plus” components of quark and gluon fields. For each
twist, the set of quasipartonic operators is closed under renormalization and the renor-
malization group (RG) equation can be written in a Hamiltonian form that involves
two-particle kernels given in terms of two-particle Casimir operators of the collinear
subgroup SL(2,R) of the conformal group. In this formulation symmetries of the RG
equations become explicit. Moreover, for a few important cases the corresponding three-
particle quantum-mechanical problem turns out to be completely integrable and in fact
equivalent to a specific Heisenberg spin chain [8]. An almost complete understanding
achieved at present of the renormalization of twist-three operators is due to all these
formal developments, see [24, 25] for a review and further references.
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The goal of this paper is to generalize some of the above techniques to the situation
where not all contributing operators are quasipartonic, as it proves to be the case starting
with twist four. Apart of the needs of practical applications to QCD phenomenology,
our work is fuelled by the recent study [26, 27] where it was shown that diagonal part of
one-loop QCD RG equations (for arbitrary twist) can be written in a Hamiltonian form
in terms of quadratic Casimir operators of the full conformal group SO(4, 2) instead of
its collinear subgroup. Moreover, all kernels can be obtained from the known kernels for
the collinear SL(2,R) subgroup [23]. Although much of the formalism appears to be
general, in this paper we concentrate on the simplest example of non-quasipartonic twist-
four baryon operators that contain two “plus” and one “minus” quark field, schematically
q+q−q+ ,
and their mixing with (quasipartonic) four-particle operators involving a gluon field, of
the type
q+q+q+F+⊥.
Our main results can be summarized as follows.
First, we construct a complete conformal operator basis for arbitrary twist, with
”good” transformation properties. We then specialize to the case of twist-4 baryonic op-
erators, calculate all one-loop evolution kernels including the mixing with four-particle
operators involving a gluon field, and check that the kernels are SL(2) invariant, as ex-
pected. The operators involving three quark fields with the same chirality do not mix
with the operators involving both chiral and antichiral quarks, so that these two cases can
be considered separately. The evolution equation for three-quark operators of the same
chirality turns out to be completely integrable. The spectrum of anomalous dimensions
coincides in this case with the energy spectrum of the twist-4 subsector of the SU(2, 2)
Heisenberg spin chain, confirming the prediction of [27]. For both cases, we present a
detailed study of the spectra of the anomalous dimensions. Finally, these results are
applied to give a general classification and calculate the scale dependence of subleading
twist-4 nucleon distribution amplitudes that are relevant for hard exclusive reactions
involving a helicity flip. In particular we introduce novel four-particle distribution am-
plitudes involving a gluon field, and derive explicit expressions for the expansion of all
distribution amplitudes in contributions of multiplicatively renormalizable operators in
first three orders of the conformal expansion. As a byproduct of our analysis, we give an
expression for the contributions of geometric twist-3 operators to the (light-cone) twist-
4 nucleon distribution amplitudes, which are usually referred to as Wandzura–Wilczek
terms.
The presentation is organized as follows. We begin in Sect. 2 with a short exposition
of the spinor formalism that is used throughout our work. This formalism is standard
in the studies of SUSY theories but is used rarely by the QCD community so we felt
that a short summary is necessary. Next, conformal transformation properties of the
fields are considered in some detail. A complete basis of one-particle light-ray operators
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is constructed for chiral quark and self-dual gluon fields in QCD, cf. Eq. (2.59), which
is one of our main results. In Sect. 3 we specialize to the particular case of baryonic
twist-4 operators which are the main subject of the rest of the paper. Renormalization
group equations for the light-ray baryonic operators are derived in Sect. 4. We discuss
general properties of these equations, give a summary of the relevant conformal invariant
evolution kernels, introduce a convenient scalar product on the space of the solutions and,
finally, give explicit expressions of the Hamiltonians for all cases of interest. Solutions
of the renormalization group equations for twist-4 operators are considered in Sect. 5.
For three-quark operators of the same chirality the problem turns out to be completely
integrable. We find the corresponding conserved charge and discuss the relation of this
result to the approach of [26, 27]. A simple analytic expression is found for the lowest
anomalous dimension in the spectrum of chiral quark twist-4 operators with odd number
N = 2k+ 1 of covariant derivatives. For other cases the spectra are studied numerically.
The results are presented in the Figures and for the first few N also in table form.
It turns out that differences between twist-4 and twist-3 operators mostly affect a few
lowest eigenstates (for a given N); the upper part of the spectrum is universal: the
anomalous dimensions appear to be almost independent on twist and chirality. Explicit
expressions for the nucleon distribution amplitudes taking into account first three orders
in conformal spin and Wandzura-Wilczek corrections are given in Sect. 6. The final
Sect. 7 is reserved for summary and conclusions.
2 Spinors and Conformal Symmetry
For applications it is important to have an operator basis with good transformation
properties with respect to the collinear SL(2,R) subgroup of the conformal group. It
is well known that analysis of tensor properties of operators is greatly simplified in
the spinor representation. Although this formalism is standard, a number of different
prescriptions exist in the literature for raising and lowering indices, normalization etc.
In order to make our presentation self-contained we choose to begin with a summary of
the definitions and basic relations of the spinor algebra, and also introduce some general
notation that is used throughout the paper. Our conventions are similar but not identical
to the ones accepted in Ref. [28].
2.1 Spinor formalism
The Lorentz group SO(3, 1) is locally isomorphic to the group of complex unimodular
2 × 2 matrices, SL(2,C). To make this explicit, each covariant four-vector xµ can be
mapped to a hermitian matrix x
x =
(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3
)
≡ xµσµ (2.1)
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where σµ = (1l, ~σ) and ~σ are the usual Pauli matrices. A Lorentz transformation
x′µ = Λµ
νxν corresponds to a rotation x
′ = MxM †, where M ∈ SL(2,C), and the
homomorphism Λ → M defines a two-dimensional (spinor) representation of Lorentz
group, u′ = Mu. The correspondence between Λ and M is not unique and in general one
might consider four representations defined by the homomorphisms Λ→M,M∗,M−1,T
and M−1†. The vectors from the corresponding representation spaces – spinors – are usu-
ally denoted as uα, u¯α˙, u
α and u¯α˙, respectively, i.e. u′α = Mα
β uβ, u¯
′
α˙ = M
∗
α˙
β˙ u¯β˙ etc. The
representations M and M−1,T (also M∗ and M−1,†) are equivalent since σ2M = M−1,Tσ2.
The intertwining operator σ2 is proportional to the Levi-Civita tensor . We define
12 = 
12 = −1˙2˙ = −1˙2˙ = 1 (2.2)
and accept the following rule for raising and lowering of spinor indices (cf. [28])
uα = αβuβ , uα = u
ββα , u¯
α˙ = u¯β˙
β˙α˙ , u¯α˙ = α˙β˙u¯
β˙ , (2.3)
which is consistent with (2.2). Note that α
β = −βα = δβα and α˙β˙ = −β˙ α˙ = δα˙β˙ .
When it is not displayed explicitly it is implied that undotted indices are contracted
“up–down”, (uv)
def
= uαvα = −uαvα and dotted ones “down–up”, (u¯v¯) def= u¯α˙v¯α˙ = −u¯α˙v¯α˙
Next, we define (uα)
∗ = u¯α˙ and (uα)∗ = u¯α˙ that is, again, consistent with (2.2) and
results in (uv)∗ = (v¯u¯). The Fierz transformation for Weyl spinors reads
(u1u2)(v1v2) = (u1v1)(u2v2)− (u1v2)(u2v1) (2.4)
which is a consequence of the identity
abcd = acbd − adbc (2.5)
In addition to σµ
αβ˙
= (1l, ~σ) it is convenient to introduce (σ¯µ)α˙β = (1l,−~σ) so that
(σ¯µ)α˙β = (σµ)βα˙, and define x¯ = xµσ¯
µ, cf. (2.1). One easily finds that
aµ =
1
2
(aσ¯µ)α
α =
1
2
(a¯σµ)
α˙
α˙ , aµb
µ =
1
2
aαα˙b¯
α˙α .
For completeness, we give below some useful identities involving σµ matrices:
σµαα˙ (σ¯
ν)α˙α = 2gµν , σµαα˙ σ¯
β˙β
µ = 2δ
β
α δ
β˙
α˙ , (2.6)
(σµσ¯ν + σν σ¯µ)α
β =2gµνδα
β , (σ¯µσν + σ¯νσµ)α˙β˙ = 2g
µνδα˙β˙ . (2.7)
Generators of the Lorentz group read
(σµν)α
β =
i
2
[σµσ¯ν − σν σ¯µ]αβ , (σ¯µν)α˙β˙ =
i
2
[σ¯µσν − σ¯νσµ]α˙β˙ , (2.8)
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or, in the explicit form
σ0i = −iσi , σik = iikjσj , σ¯0i = iσi , σ¯ik = iikjσj , (2.9)
They satisfy the self-duality relations
σµν =
i
2
εµνρωσρω , σ¯
µν = − i
2
εµνρωσ¯ρω . (2.10)
where 0123 = 1.
A four-dimensional Dirac bispinor is written as
q =
(
ψα
χ¯β˙
)
, q¯ = (χβ, ψ¯α˙) (2.11)
and the γµ matrices take the form
γµ =
(
0 [σµ]αβ˙
[σ¯µ]α˙β 0
)
, /a =
(
0 aαβ˙
a¯α˙β 0
)
. (2.12)
For the common σµν = i
2
[γµ, γν ], γ5 = iγ
0γ1γ2γ3 and the charge conjugation matrix
C = iγ2γ0 one finds
σµν =
(
[σµν ]α
β 0
0 [σ¯µν ]α˙β˙
)
, γ5 =
(
−δβα 0
0 δα˙
β˙
)
, C =
(−αβ 0
0 −α˙β˙
)
. (2.13)
Irreducible representations of the Lorentz group are labeled by two spins (s, s¯). The
representation space is spanned by tensors Tα1...α2s,β˙1...β˙2¯s which are symmetric in dotted
and undotted indices separately. In particularly, the Weyl spinors ψ (chiral) and χ¯
(antichiral) belong to the representations (1/2, 0) and (0, 1/2), respectively, whereas the
Dirac spinor transforms as (1/2, 0)⊕ (0, 1/2).
The gluon strength tensor Fµν transforms as (1, 0) ⊕ (0, 1) and can be decomposed
as
Fαβ,α˙β˙ = σ
µ
αα˙σ
ν
ββ˙
Fµν = 2
(
α˙β˙fαβ − αβ f¯α˙β˙
)
(2.14)
where fαβ and f¯α˙β˙ are chiral and antichiral symmetric tensors, f
∗ = f¯ , which belong to
the representations (1, 0) and (0, 1), respectively. One obtains
fαβ =
i
4
σµναβFµν , f¯α˙β˙ = −
i
4
σ¯µν
α˙β˙
Fµν , . (2.15)
or in terms of the gauge field Aα˙α:
fαβ =
1
4
(
Dα
α˙A¯α˙β +Dβ
α˙A¯α˙α
)
, f¯α˙β˙ =
1
4
(
D¯ αα˙ Aαβ˙ + D¯
α
β˙
Aαα˙
)
, (2.16)
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where the covariant derivative is defined as Dµ = ∂µ − igAµ. The expressions for F µν
and the dual strength tensor F˜ µν =
1
2
µνρσFρσ are
F µν =
i
2
(
σµναβf
αβ − σ¯µν
α˙β˙
f¯ α˙β˙
)
, F˜ µν =
1
2
(
σµναβf
αβ + σ¯µν
α˙β˙
f¯ α˙β˙
)
. (2.17)
The Dirac equation for the quark fields reads
D¯α˙αψα(x) = 0 , Dαα˙χ¯
α˙(x) = 0 (2.18)
where the covariant derivative is defined as Dµ = ∂µ − igAµ. The equation of motion
(EOM) for the fields f, f¯ becomes
D¯ α
β˙
faαβ = g
(
ψ¯β˙T
aψβ + χβT
aχ¯β˙
)
, Dβ
α˙f¯a
α˙β˙
= g
(
ψ¯β˙T
aψβ + χβT
aχ¯β˙
)
. (2.19)
The class of the operators which are proportional to the equation of motion is closed
under renormalization (for a more precise statement see e.g. Ref. [29]). On-shell matrix
elements of such operators vanish and one can consider two operators which difference
is an EOM operator as being equivalent.
The equation
Tα1...αn,β˙1...β˙n = σ
µ1
α1β˙1
. . . σµn
αnβ˙n
Tµ1...µn (2.20)
establishes the relation between generic tensors in the usual vector and spinor representa-
tions. The symmetrization over spinor indices is most conveniently achieved contracting
the open indices with an auxiliary spinor ξ. We define
Tξ = ξ
α
1 . . . ξ
αn Tα1...αn,β˙1...β˙n¯ ξ¯
β˙1 . . . ξ¯β˙n¯ . (2.21)
In particular
ψξ = (ξψ) = ξ
αψα fξ = ξ
αξβfαβ ,
χ¯ξ = (χ¯ξ¯) = χ¯α˙ξ¯
α˙ f¯ξ = f¯α˙β˙ ξ¯
α˙ξ¯β˙ , (2.22)
etc.
It is obvious that a symmetric tensor Tα1...αn,β˙1...β˙n¯ can unambiguously be restored
from the convolution Tξ by applying multiple derivatives over ξ. We define
∂βξ
α =
∂
∂ξβ
ξα = β
α = δαβ , ∂¯
β˙ ξ¯α˙ =
∂
∂ξ¯β˙
ξ¯α˙ = 
β˙
α˙ = δ
β˙
α˙ , (2.23)
so that
Tα1...αn,β˙1...β˙n¯ =
(−1)n¯
n! n¯!
∂
∂ξα1
. . .
∂
∂ξαn
∂
∂ξ¯β˙1
. . .
∂
∂ξ¯β˙n¯
Tξ . (2.24)
Note that the rule for raising and lowering of indices for derivatives over spinor variables
is different from that for the spinors themselves, cf. Eq. (2.3):
∂
∂ξβ
= βα
∂
∂ξα
,
∂
∂ξ¯β˙
= β˙α˙
∂
∂ξ¯α˙
. (2.25)
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2.2 Conformal symmetry
It is known that the QCD enjoys conformal symmetry at the classical level. Although
this symmetry is broken in the full quantum theory, it leads to strong constraints on
the form of (one-loop) operator counterterms and will be quite useful in the subsequent
analysis. The action on the generators of the conformal group on the fundamental fields
in the spinor representation, Φ = (Φξ, Φ¯ξ) with Φξ = {ψξ, χξ, fξ} and Φ¯ξ = {ψ¯ξ, χ¯ξ, f¯ξ},
takes the form [30]
i[Pαα˙,Φ(x)] =∂αα˙Φ(x) ≡ iPαα˙Φ(x) , (2.26a)
i[D,Φ(x)] =
1
2
(
xαα˙∂
αα˙ + 2t+ ξα
∂
∂ξα
+ ξ¯α˙
∂
∂ξ¯α˙
)
Φ(x) ≡ iDΦ(x) , (2.26b)
i[Mαβ,Φ(x)] =
1
4
(
xαγ˙∂β
γ˙ + xβγ˙∂α
γ˙ − 2ξα ∂
∂ξβ
− 2ξβ ∂
∂ξα
)
Φ(x) ≡ iMαβΦ(x) , (2.26c)
i[M¯α˙β˙,Φ(x)] =
1
4
(
xγα˙∂
γ
β˙ + xγβ˙∂
γ
α˙ − 2ξ¯α˙ ∂
∂ξ¯β˙
− 2ξ¯β˙
∂
∂ξ¯α˙
)
Φ(x) ≡ iM¯α˙β˙Φ(x) , (2.26d)
i[Kαα˙,Φ(x)] =
(
xαγ˙xγα˙ ∂
γγ˙ + 2txαα˙ + 2ξαx¯
β
α˙
∂
∂ξβ
+ 2ξ¯α˙xαβ˙
∂
∂ξ¯β˙
)
Φ(x) ≡ iKαα˙Φ(x) ,
(2.26e)
where ∂αα˙ = σ
µ
αα˙∂µ and t = 1 is the geometric twist [31]: for the field with canonical
scaling dimension `can and Lorentz spin (s, s¯) it is defined as t = `can − s − s¯. Note
that we use boldface letters for the generators acting on quantum fields to distinguish
them from the corresponding differential operators acting on the field coordinates. The
transformations of the gauge field Aξ = Aαα˙ξ
αξ¯α˙ are given by the same expressions with
t = 0.
In the applications of QCD to high-energy scattering the separation of transverse and
longitudinal degrees of freedom proves to be essential. It is conveniently achieved by the
introduction of two independent light-like vectors
nαα˙ = λαλ¯α˙ , n
2 = 0 ,
n˜αα˙ = µαµ¯α˙ , n˜
2 = 0 , (2.27)
which we choose to be normalized to
(µλ) = −(λµ) = 1 , (n · n˜) = 1/2 . (2.28)
Without loss of generality one can take
λα = (1, 0) , λα = (0, 1) ,
µα = (0, 1) , µα = (−1, 0) . (2.29)
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Then, for example
∂22˙ = 2(n · ∂) , ∂11˙ = 2(n˜ · ∂) (2.30)
are the derivatives in the two chosen light-like directions whereas the remaining two, ∂12˙
and ∂21˙, are the derivatives in the transverse plane.
Fast moving hadrons can be viewed as a collection of partons that move in the same
direction, say n˜µ. Whenever this picture applies, quantum fields “living” on the light
ray
Φ(x)→ Φ(zn) (2.31)
play a special role. Such light-ray fields can be viewed as generating functions for local
operators that arise through the (formal) Taylor expansion
Φ(z) ≡ Φ(zn) =
∑
k
zk
k!
(n∂)kΦ(0) =
∑
k
zk
2kk!
(∂22˙)kΦ(0) . (2.32)
Note that all local operators on the r.h.s. of (2.32) have the same collinear twist as the
field Φ itself since each ∂22˙ derivative adds one unit of dimension and spin projection,
simultaneously. We will use a shorthand notation Φ(z) for Φ(nz) in what follows.
With the restriction to light-ray operators the four-dimensional conformal trans-
formations are reduced to the collinear subgroup SL(2,R) corresponding to projective
(Mo¨bius) transformations of the line x = zn:
z → az + b
cz + d
, ab− cd = 1 ,
where a, b, c, d are real numbers. The generators of the collinear subgroup, S±, S0 can be
chosen as
S+ =
i
2
(µK µ¯) , S− = − i
2
(λP λ¯) , S0 =
i
2
(
D − µαλβMαβ − M¯α˙β˙µ¯α˙λ¯β˙
)
, (2.33)
or, using the convention in Eq. (2.29),
S+ =
i
2
K22˙ =
i
2
K11˙ , S− = − i
2
P 22˙ = − i
2
P11˙ , S0 =
i
2
(
D −M21 − M¯1˙2˙
)
. (2.34)
The explicit expressions are
S+ =
1
2
x2γ˙xγ2˙∂
γγ˙ + x22˙
(
t+ ξβ
∂
∂ξβ
+ ξ¯β˙
∂
∂ξ¯β˙
)
− xβ2˙ ξβ
∂
∂ξ2
− x2β˙ ξ¯β˙
∂
∂ξ¯2˙
, (2.35a)
S− =− 1
2
∂22˙ , (2.35b)
S0 =
1
2
(
x22˙∂
22˙ +
1
2
(
x21˙∂
21˙ + x12˙∂
12˙
)
+ t+ ξ1
∂
∂ξ1
+ ξ¯1˙
∂
∂ξ¯1˙
)
. (2.35c)
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They obey the standard commutation relations
[S+, S−] = 2S0 , [S0, S±] = ±S± . (2.36)
In addition, there exist two operators that commute with all SL(2,R) generators:
E =i
(
D +M21 + M¯1˙2˙
)
= x11˙∂
11˙ +
1
2
(
x21˙∂
21˙ + x12˙∂
12˙ + 2t
)
+ ξ2
∂
∂ξ2
+ ξ¯2˙
∂
∂ξ¯2˙
, (2.37)
H =i(M¯1˙2˙ −M21) =
1
2
(
x21˙∂
21˙ − x12˙∂12˙ + ξ1
∂
∂ξ1
− ξ2 ∂
∂ξ2
− ξ¯1˙ ∂
∂ξ¯1˙
+ ξ¯2˙
∂
∂ξ¯2˙
)
. (2.38)
E is usually called the collinear twist operator: collinear twist E counts the dimension of
the field minus spin projection, as opposed to the geometric twist t which is dimension
minus spin. In a slight abuse of language we will refer to H as the helicity operator; the
name can be justified by observing that for “good” components of the fields (see below)
the eigenvalue of H coincides with helicity of the corresponding one-particle state.
A light-ray operator with definite collinear twist E transforms according to the irre-
ducible representation of the SL(2,R) group with the conformal spin
j = `can − E/2 . (2.39)
In particular the SL(2) generators acquire their canonical form
S+ = z
2∂z + 2jz , S0 = z∂z + j , S− = −∂z , (2.40)
i.e. first order differential operators acting on functions of the light-cone coordinate z.
The finite form of the group transformations is
[T j(g−1)Φ](z) =
1
(cz + d)2j
Φ
(
az + b
cz + d
)
, g =
(
a b
c d
)
. (2.41)
For example, a chiral field ψ should be decomposed as
ψ(z) = λψ−(z)− µψ+(z) , (2.42)
where
ψ+(z) = λ
αψα(z) ≡ ψ1(z) , [Eψ+](z) = ψ+(z) , [Hψ+](z) = 1
2
ψ+(z) ,
ψ−(z) = µαψα(z) ≡ ψ2(z) , [Eψ−](z) = 2ψ−(z) , [Hψ−](z) = −1
2
ψ−(z) . (2.43)
Note that iM21 appearing in (2.37), (2.38) counts the difference in the number of “first”
and “second” spinor indices, which is nothing but the Lorentz spin projection on the
light-ray direction. In particular ψ+ and ψ− correspond to spin projections +1/2 and
−1/2, respectively. Using explicit expressions in Eq. (2.26) it is easy to check that the
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ψ+ ψ− χ¯+ χ¯− f++ f+− f−−
j 1 1/2 1 1/2 3/2 1 1/2
E 1 2 1 2 1 2 3
H 1/2 −1/2 −1/2 1/2 1 0 −1
Table 1: The SL(2,R) spin and twist for the fundamental fields
fields ψ+ and ψ− indeed transform according to Eq. (2.40) with the conformal spin j = 1
and j = 1/2, respectively.
Similarly, for the anti-chiral field χ¯ we define the “plus” and “minus” projections as
χ¯+ = χ¯α˙λ¯
α˙ , χ¯− = χ¯α˙µ¯α˙ (2.44)
and for the self-dual vector field fαβ
f++(z) =λ
αλβ fαβ(z) , f+−(z) =λαµβ fαβ(z) , f−−(z) =µαµβ fαβ(z) . (2.45)
The projections for the conjugate fields are defined as ψ¯± = (ψ±)∗ etc. The SL(2,R)
quantum numbers of the fundamental fields — conformal spin, (collinear) twist and
helicity— are collected in Table 1.
The plus components of the fields, Φ+(z) = Φλ(zn) = {ψ+(z), χ+(z), f++(z)}, and
their anti-chiral counterparts — ”good” components in conventional terminology — have
the lowest twist. The product of the plus fields taken at the different points on the light-
ray
Φ+(z1)Φ¯+(z2) . . .Φ+(zN)
serves as a generating function∗ for the so-called quasipartonic operators [6]. An operator
constructed from N ”plus” fields has collinear twist E equal to N which is the lowest
possible twist for N−particle operators. The set of N−particle quasipartonic operators is
closed under renormalization at the one-loop level. The renormalization group equation
can be reinterpreted as a Schro¨dinger equation where the scale µ plays the role of time.
The corresponding Hamiltonian contains pairwise interactions only and can be written
in terms of the two-particle Casimir operators of the collinear conformal group [6].
The light-ray N−particle operators containing minus components of the fields,
{ψ−, χ¯−, f+−, . . .}, have twist larger than N and provide one with examples of operators
that are not quasipartonic. Renormalization of non-quasipartonic operators in QCD has
never been studied systematically, to the best of our knowledge. On this way, there are
two complications.
First, the number of fields (“particles”) is not conserved. To one-loop accuracy, the
mixing matrix of operators with a given twist E has a block-triangular structure as the
operators with less fields can mix with ones containing more fields but not vice versa.
Operators with the maximum possible number of fields N = E are quasipartonic.
∗For the moment we ignore the color structure and all issues related to gauge invariance.
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Second, operators involving minus field components can mix with operators of the
same twist containing minus, ∂11˙, or transverse, ∂12˙, ∂21˙, derivatives. These operators,
therefore, also must be included. The problem is that transverse derivatives generally
do not have good transformation properties with respect to the SL(2,R) group. In
concrete applications it may be possible to get rid of such operators using EOM and
exploiting the specific structure of the matrix elements of interest, e.g. if there is no
transverse momentum transfer between the initial and the final state. Two well known
examples are the twist-four contributions to the deep-inelastic scattering (DIS) [1] and
to meson distributions amplitudes [32, 33]. The main problem as far as the operator
renormalization is concerned is that after this reduction conformal symmetry becomes
obscured. This procedure is also not universal and probably cannot be applied beyond
twist four.
In this work we suggest a different, general approach based on the construction of a
complete conformal operator basis for all twists. In this basis, the SL(2,R) symmetry
of the renormalization group equations is manifest. To begin with, we will explain our
construction on the example of a free chiral field ψ, the extension to the other fields is
straightforward.
Let us examine the action of the SL(2,R) generators in Eq. (2.40) on the light-ray
operator with a transverse or “minus” derivative, [∂12˙ψ±](z), [∂21˙ψ±](z) and [∂11˙ψ±](z).
It is easy to see that S0 and S− retain their form, and complications only arise in the
case of S+ which is related to special conformal transformations:
i[Kαα˙ψβ](x) =
(
xαγ˙xγα˙ ∂
γγ˙ + 4xαα˙
)
ψβ(x)− 2xβα˙ψα(x) , (2.46)
cf (2.26). In particular
i[K22˙ψ−](x) =
(
x2γ˙xγ2˙ ∂
γγ˙ + 2x22˙
)
ψ−(x) ,
i[K22˙ψ+](x) =
(
x2γ˙xγ2˙ ∂
γγ˙ + 4x22˙
)
ψ+(x)− 2x12˙ψ−(x) . (2.47)
The action of the “spin-up” generator S+ = iK22˙/2 on the light-ray operator with a
transverse derivative follows readily from Eq. (2.47) observing that, e.g.[
K22˙, [∂
21˙ψ±]
]
(z) ≡
(
∂21˙
[
K22˙ψ±]
]
(x)
)
x=zn
and taking into account that ∂αα˙xββ˙ = 2δ
α
β δ
α˙
β˙
and x22˙ = z. One obtains
S+[∂
21˙ψ+](z) = (z
2∂z + 3z)[∂
21˙ψ+](z) ,
S+[∂
11˙ψ+](z) = (z
2∂z + 2z)[∂
11˙ψ+](z) ,
S+[∂
12˙ψ+](z) = (z
2∂z + 3z)[∂
12˙ψ+](z)− 2ψ−(z) (2.48)
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and
S+[∂
21˙ψ−](z) = (z2∂z + 2z)[∂21˙ψ−](z) ,
S+[∂
11˙ψ−](z) = (z2∂z + z)[∂11˙ψ−](z) ,
S+[∂
12˙ψ−](z) = (z2∂z + 2z)[∂12˙ψ−](z) . (2.49)
We see that the generator S+ take the standard from (2.40) for all cases except for
[∂12˙ψ+](z). Fortunately, this derivative can be eliminated with the help of EOM (2.18):
∂12˙ψ+ = −∂22˙ψ− , ∂21˙ψ− = −∂11˙ψ+ . (2.50)
The first equation in (2.50) allows to replace all occurrences of ∂12˙ψ+(z) by −∂22˙ψ−(z) =
−∂zψ−(z). The second one, in principle, can be used in either direction since ∂21˙ψ− and
∂11˙ψ+ both have “good” transformation properties. It turns out, however, that eliminat-
ing ∂21˙ψ− in favor of ∂11˙ψ+ is advantageous since it leads to a simpler complete operator
basis in a general situation and we adopt this option for what follows. The remaining
four independent operators ∂11˙ψ+, ∂
11˙ψ−, ∂21˙ψ+ and ∂12˙ψ− transform according to the
irreducible representations of the collinear conformal group with spin j = 1, j = 1/2,
j = 3/2 and j = 1, respectively. Note that the “minus” derivative does not change the
conformal spin of the light-ray operator, whereas a “good” transverse derivative increases
the spin by 1/2.
The above construction can be generalized for an arbitrary number of derivatives. It
is easy to verify that the following fields
ψ
(j,m)
+ (z) =[(∂
21˙)2j−2(∂11˙)2mψ+](z) ,
ψ
(j,m)
− (z) =[(∂
12˙)2j−1(∂11˙)2mψ−](z) (2.51)
transform according to the spin-j representation of the SL(2,R) group, Eq. (2.40). All
other combinations of derivatives can be reduced to this basis with the help of EOM. In
particular, all pairs ∂12˙∂21˙ can be replaced by ∂22˙∂11˙ which is a consequence of (2.50).
Next, we consider which modifications have to be done in the (interacting) gauge
theory. In the first place we have to replace ordinary derivatives by the covariant ones.
This is achieved by modifying the definition of the light-ray operator (2.32) to include
the factor
Φ(z)→ [0, z]Φ(z) , (2.52)
where
[0, z] = Pexp
[
−1
2
igz
∫ 1
0
duA22˙(uz)
]
(2.53)
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is the light-like Wilson line in the appropriate (fundamental or adjoint) representation
of the color group. In this way the Taylor expansion goes over covariant derivatives:
[0, z]Φ(z) =
∑
k
zk
2kk!
(D22˙)kΦ(0) . (2.54)
In what follows the [0, z]–factors are not shown for brevity, but they are always implied.
Note that dropping the gauge links can be viewed as going over to the Fock-Schwinger
gauge xαα˙A
αα˙(x) = 0, Aαα˙(0) = 0, or, alternatively, the light-cone gauge A22˙ = 0.
In addition, we have to replace ordinary derivatives by covariant ones in Eqs. (2.51).
All relations which we have used to reduce an arbitrary combination of derivatives to this
particular form hold true up to commutator terms [Dαα˙, Dββ˙] which can be expressed
in terms of gluon field strength. Such terms contain two or more fundamental light-ray
fields and do not affect the proof of completeness in the one-particle sector which we are
considering at present.
We still have to check, however, that the replacement ∂ → D does not spoil trans-
formation properties of the basis fields (2.51). The special conformal transformation for
the gauge field A takes the form
i[Kαα˙Aββ˙](x) = xαγ˙xγα˙∂
γγ˙Aββ˙(x) + 2
(
xαα˙Aββ˙(x)− xββ˙Aαα˙(x)
)− 2αβα˙β˙(xγγ˙Aγγ˙(x)) ,
(2.55)
and for the components of interest becomes
i[K22˙A
11˙](x) =x2γ˙xγ2˙ ∂
γγ˙A11˙(x) ,
i[K22˙A
21˙](x) =
(
x2γ˙xγ2˙ ∂
γγ˙ + 2x22˙
)
A21˙(x)− 2x21˙A22˙(x) ,
i[K22˙A
12˙](x) =
(
x2γ˙xγ2˙ ∂
γγ˙ + 2x22˙
)
A12˙(x)− 2x12˙A22˙(x) . (2.56)
Using these expressions it is easy to check (by induction in m and j) that, e.g. for
ψj,m+ (x) =
(
D21˙
)2j−2(
D11˙
)2m
ψ+(x), the transformation is
i
[
K22˙, ψ
j,m
+
]
(x) =
(
x2γ˙xγ2˙ ∂
γγ˙ + 2jx22˙
)
ψj,m+ (x) + x12˙G , (2.57)
where G is a light-ray operator containing some combination of the chiral field ψ, gauge
field A and derivatives. This inhomogeneous term vanishes on the light-cone, x = zn, so
that one ends up with
S+ ψ
j,m
+ (z) = (z
2∂z + 2jz)ψ
j,m
+ (z) , (2.58)
as required.
14
The complete basis of one-particle light-ray operators for chiral quark and self-dual
gluon fields in QCD contains seven fields:
ψ
(j,m)
+ (z) =
(
D21˙
)2j−2(
D11˙
)2m
ψ1(z) ,
ψ
(j,m)
− (z) =
(
D12˙
)2j−1(
D11˙
)2m
ψ2(z) ,
χ¯
(j,m)
+ (z) =
(
D12˙
)2j−2(
D11˙
)2m
χ¯1˙(z) ,
χ¯
(j,m)
− (z) =
(
D21˙
)2j−1(
D11˙
)2m
χ¯2˙(z) ,
f
(j,m)
++ (z) =
(
D21˙
)2j−3(
D11˙
)2m
f11(z) ,
f
(j,m)
−− (z) =
(
D12˙
)2j−1(
D11˙
)2m
f22(z) ,
f
(1,m)
+− (z) =
(
D11˙
)2m
f12(z) . (2.59)
The field carrying the superscript j transforms according to the representation T j of
the SL(2,R) group, see Eq. (2.41). Note that ordering of the covariant derivatives in
(2.59) does not affect the transformation properties. The twist E and helicity H take
the following values:
E ψ
(j,m)
± =
(
2j + 4m∓ 1)ψ(j,m)± , E χ¯(j,m)± =(2j + 4m∓ 1)χ¯(j,m)± ,
E f
(j,m)
±± =
(
2j + 4m∓ 2)f (j,m)±± , E f (1,m)+− =(2 + 4m)f (1,m)+− , (2.60)
H ψ
(j,m)
± =±
(
2j − 1∓ 1
2
)
ψ
(j,m)
± , H χ¯
(j,m)
± =∓
(
2j − 1∓ 1
2
)
ψ
(j,m)
± ,
H f
(j,m)
±,± =±
(
2j − 1∓ 1) f (j,m)±,± , H f (1,m)+− =0 , (2.61)
The basis fields in the antichiral sector can be defined as ψ¯
(s,m)
+ = (ψ
(s,m)
+ )
∗ and similarly
for all other cases.
The proof that the fields in (2.59) form a complete basis in the one-particle sector
essentially follows the above discussion of a chiral field. To this end one can consider
the derivatives as commuting ones and assume that the fundamental fields satisfy “free”
EOM. One has to demonstrate that all possible combinations of derivatives acting on the
self-dual strength tensor can be reduced to the combinations appearing in (2.59). This
can be achieved by inspection. The first step, as above, is to get rid of all pairs D12˙D21˙
replacing them by D22˙D11˙ → ∂zD11˙, and then check that all remaining combinations
can be rewritten in the desired form, e.g.(
D12˙
)2k(
D11˙
)2m
f12(z)→ −∂z
(
D12˙
)2k−1(
D11˙
)2m
f22(z) +O(f
2)(
D21˙
)2k(
D11˙
)2m
f12(z)→ −
(
D21˙
)2k−1(
D11˙
)2m+1
f22(z) +O(f
2) , (2.62)
etc.
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Finally, taking a color-singlet product of the basis fields defined in Eq. (2.59),
Φj,m = {ψj,m± , . . . , f (j=1,m)+− }, and their antichiral counterparts, Φ¯j,m, at different light-ray
positions z1, . . . , zN , one obtains a complete basis of gauge-invariant N -particle operators
O(z1, . . . , zN) = Φj1,m1(z1) . . .ΦjN ,mN (zN) (2.63)
that transform according to the representation T j1⊗ . . .⊗T jN of the collinear conformal
group SL(2,R) and serve as generating functions for towers of the local operators of twist
E = E1 + . . . + EN . If E > N then these operators get mixed under renormalization
with the operators of the same twist E and the number of fields ranging from N to E.
Hence the mixing matrix has a block-triangular form. The anomalous dimensions are
determined by the diagonal blocks only, the off-diagonal blocks are, however, important
for the construction of multiplicatively renormalizable operators. The premium and main
rationale for using the conformal basis (2.59) is that the SL(2,R) symmetry imposes
severe constraints on the form of the kernels and also allows one to apply many of the
technical tools that were developed earlier for quasipartonic operators. The explicit
construction of this basis presents one of the main results of this paper.
Since the maximum light-cone spin projection coincides, obviously, with the Lorentz
spin, quasipartonic operators have definite geometric twist T = E = N . On the other
hand, non-quasipartonic operators contain both T = E contributions and those with a
lower twist, T < E. Operators with different values of T do not mix. Thus, introducing
operators with different geometrical twist would bring the mixing matrix in the block-
diagonal form at the cost, however, that the SL(2,R) symmetry of the kernels is lost. A
better strategy is to separate the (highest) geometric twist of interest by imposing the
appropriate symmetry conditions on the solutions of the renormalization group equation
for the operators in (2.63) and maintain the SL(2,R) covariance.
For illustration, let us consider a simple example: renormalization of twist-3 operators
that one encounters in the study of chiral odd pion distribution amplitudes [32]. The
complete set includes in this case three E = 3 light-ray operators
O1(z1, z2) = χ+(z1)ψ−(z2) ,
O2(z1, z2) = χ−(z1)ψ+(z2) ,
O3(z1, z2, z3) = χ+(z1)f¯++(z2)ψ+(z3) (2.64)
that transform according to the representations T j=1⊗T j=1/2, T j=1/2⊗T j=1 and T j=1⊗
T j=3/2 ⊗ T j=1 of the collinear conformal group SL(2,R), respectively. The renormaliza-
tion group equation can be written, schematically, as{
µ
∂
∂µ
+ β(g)
∂
∂g
}O1O2
O3
 = −αs
2pi
H1,1 H1,2 H1,3H2,1 H2,2 H2,3
0 0 H3,3
O1O2
O3
 , (2.65)
where the kernels H2,3 have simple SL(2,R) transformation properties. The operator
O3 is quasipartonic with T = E = 3, the other two are non-quasipartonic and do not
have definite geometric twist.
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For example, consider a generic local operator obtained by the Taylor expansion of
the light-ray operator O1
λαλα1 . . . λαk µβ λ¯α˙1 . . . λ¯α˙k¯χαDα1α˙1 . . . Dαkα˙kψβ
It is symmetric in all dotted indices, but does not have definite symmetry in the undotted:
β can be either symmetrized or antisymmetrized with (either) one of the α, α1, . . . αk.
These two possibilities correspond to picking up contributions of different geometric twist
T = 2 and T = 3, respectively. Going over to local operators is in fact not necessary
as the separation of contributions of different symmetry can be achieved in the nonlocal
form:
OT=21,2 = λα
∂
∂µα
O1,2 = χ+(z1)ψ+(z2) ,
OT=31,2 = αβ
∂
∂µβ
∂
∂λα
O1,2 . (2.66)
It is convenient to introduce
O±(z1, z2) = O1(z1, z2)±O2(z1, z2) . (2.67)
The operator O− can be written as
O−(z1, z2) = (λµ)χα(z1)ψα(z2) (2.68)
and is pure twist T = 3, whereas for O+ inverting the relations in (2.66) one obtains
after some algebra
O+(z1, z2) = µα ∂
∂λα
∫ 1
0
dτ OT=2+ (τz1, τz2)− (µλ)
∫ 1
0
dτ τ OT=3+ (τz1, τz2) . (2.69)
Using O− and OT=3+ as basis fields instead of O1 and O2 one can avoid the contamina-
tion by twist-two operators altogether. The problem is that the renormalization group
equation will in this form involve linear combinations of the kernels (2.65), of the type
H11 ±H12 etc., with different SL(2,R) transformation properties.
In the present case the problem can be simplified drastically using the operator
identities [32] that allow to rewrite both two-particle operators QT=3+ and QT=33 in terms
of O3 (up to a local term χα(0)ψα(0) [32]) so that they do not need to be considered
separately. In this way the matrix renormalization group equation (2.65) is reduced to
the single term H33. Unfortunately, a similar reduction to the quasipartonic sector does
not hold in the general situation.
3 Complete Operator Basis for twist-4
After this general discussion we proceed to the systematic study of the renormalization
of QCD baryon operators of twist-4. From the theory side, this is the simplest example
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where non-quasipartonic operators enter nontrivially and cannot be excluded by using
EOM; a generalization of the approach of Ref. [23] to such situations is our primary
goal. The main application of twist-4 baryon operators to QCD phenomenology has
been to the studies of hard exclusive reactions involving helicity flip, for example the
Pauli electromagnetic form factor of the nucleon F2(Q
2) using pQCD factorization [34]
or light-cone sum rules [35]. The necessary nonperturbatuve input is given in this case
by the three nucleon (proton) distribution amplitudes Φ4,Ψ4 and Ξ4 defined in Ref. [36]
as matrix elements of twist-4 three-quark operators. They can be represented in spinor
notation as follows:
〈0|ijkψu,i+ (z1)χ¯u,j+ (z2)ψd,k− (z3)|P 〉 =−
1
4
(µλ)mNN
↑
+
∫
Dx e−i(pn)
P
xiziΦ4(x) ,
〈0|ijk χ¯u,i+ (z1)ψu,j− (z2)ψd,k+ (z3) |P 〉 =−
1
4
(µλ)mNN
↑
+
∫
Dx e−i(pn)
P
xiziΨ4(x) ,
〈0|ijkψu,i− (z1)ψu,j+ (z2)ψd,k+ (z3)|P 〉 =−
1
4
(µλ)mNN
↓
+
∫
Dx e−i(pn)
P
xiziΞ4(x) . (3.1)
For comparison, the leading twist-3 distribution amplitude can be defined as
〈0|ijkψu,i+ (z1)χ¯u,j+ (z2)ψd,k+ (z3)|P 〉 =
1
2
(pn)N↓+
∫
Dx e−i(pn)
P
xiziΦ3(x) , (3.2)
and only involves “plus” quark fields. In addition, we introduce three independent twist-4
four-particle distribution amplitudes involving a gluon field:
〈0|igijkψu,i+ (z1)χ¯u,j+ (z2)[f¯++(z4)ψd+(z3)]k|P 〉 =
1
4
mN(pn)
2N↑+
∫
Dx e−i(pn)
P
xizi Φg4(x) ,
〈0|igijk χ¯u,i+ (z1) [f¯++(z4)ψu+(z2)]j ψd,k+ (z3) |P 〉 =
1
4
mN(pn)
2N↑+
∫
Dx e−i(pn)
P
xizi Ψg4(x) ,
〈0|igijk[f¯++(z4)ψu+(z1)]i ψu,j+ (z2)ψd,k+ (z3)|P 〉 =
1
4
mN(pn)
2N↓+
∫
Dx e−i(pn)
P
xizi Ξg4(x) .
(3.3)
Here the first and the second superscripts of ψa,i (χ¯a,i) are the flavor, a = u, d, and color,
i = 1, 2, 3 indices of the quark field, respectively; mN and pµ are the nucleon mass and
momentum, and N↑(↓) = (1/2)(1 ± γ5)N(p) is the antichiral (chiral) part of the Dirac
spinor. In order to keep the auxiliary spinors λ, µ dimensionless we choose
n = m−1N λ⊗ λ¯, n˜ = mN µ⊗ µ¯ .
The distribution amplitudes depend on the set of parton momentum fractions x =
{x1, . . . , xn} and the integration measure is defined as∫
Dx =
∫ 1
0
dx1 . . . dxn δ(1−
∑
xk) . (3.4)
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We hope that using the same notation
∫ Dx for the three-particle and the four-particle
integration measure will not create confusion. We keep the factors (µλ) = 1 on r.h.s. of
Eq. (3.1) to maintain the balance between the spinors µ and λ on the both sides.
The scale dependence of the distribution amplitudes is driven by the renormalization
of the nonlocal light-ray operators on the l.h.s. of Eq. (3.1). Our first task is to construct
the complete operator basis. Note that Ξ4 involves chiral quarks only whereas Φ4 and Ψ4
involve both chiral and antichiral fields. Since chirality is conserved in QCD perturbation
theory, there is no mixing and the two cases (pure chirality and mixed chirality operators)
can be considered separately.
3.1 Chiral operators
The distribution amplitude Ξ4 is related to the matrix element of the operators with
collinear twist E = 4 and helicity H = 1/2
Q1(z1, z2, z3) =
ijkψa,i− (z1)ψ
b,j
+ (z2)ψ
c,k
+ (z3) ,
Q2(z1, z2, z3) =
ijkψa,i+ (z1)ψ
b,j
− (z2)ψ
c,k
+ (z3) ,
Q3(z1, z2, z3) =
ijkψa,i+ (z1)ψ
b,j
+ (z2)ψ
c,k
− (z3) . (3.5)
For the discussion of the renormalization it is convenient to consider the three quark fields
of different flavor in which case the three light-ray operators in (3.5) are independent.
We do not assign flavor indices to Qi assuming that the flavors are always ordered as in
the above expressions.
The three-quark operators in (3.5) mix with quasipartonic operators containing an
additional gluon field F+,µλ¯ = −(µλ)f¯++
G1(z1, z2, z3, z4) =ig
ijk(µλ) [f¯++(z4)ψ
a
+(z1)]
i ψb,j+ (z2)ψ
c,k
+ (z3) ,
G2(z1, z2, z3, z4) =ig
ijk(µλ)ψa,i+ (z1) [f¯++(z4)ψ
b
+(z2)]
j ψc,k+ (z3) ,
G3(z1, z2, z3, z4) =ig
ijk(µλ)ψa,i+ (z1)ψ
b,j
+ (z2) [f¯++(z4)ψ
c
+(z3)]
k , (3.6)
which are, however, not all independent because of the identity
G1(z1, z2, z3, z4) +G2(z1, z2, z3, z4) +G3(z1, z2, z3, z4) = 0 . (3.7)
Recall that ψ−, ψ+ and f¯++ have conformal spins j = 1/2, j = 1 and j = 3/2, respec-
tively. Hence Q1 transforms according to the representation T
(1/2) ⊗ T (1) ⊗ T (1), of the
SL(2,R) group (and similar for Q2, Q3), whereas Gi belong to the T (1)⊗T (1)⊗T (1)⊗T (3/2)
representation..
For the matrix elements of the operators Qi and Gi between the vacuum and proton
state there are more relations that follow from identity of the two u-quarks in the proton
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and the requirement that the nucleon has isospin 1/2. Let
qi(z1, z2, z3) = 〈0|Qi(z1, z2, z3)|P 〉 ,
gi(z1, z2, z3, z4) = 〈0|Gi(z1, z2, z3, z4)|P 〉 , (3.8)
where we put a = b = u and c = d. One finds
q2(z1, z2, z3) = q1(z2, z1, z3) ,
q3(z2, z3, z1) = −q1(z1, z2, z3)− q1(z1, z3, z2) (3.9)
and similarly
g2(z1, z2, z3, z4) = g1(z2, z1, z3, z4) ,
g3(z2, z3, z1, z4) = −g1(z1, z2, z3, z4)− g1(z1, z3, z2, z4) . (3.10)
Taking into account the identity (3.7) it follows that the remaining independent function
g1 satisfies the symmetry relation
g1(z1, z2, z3, z4)− g1(z3, z2, z1, z4) = g1(z3, z1, z2, z4)− g1(z2, z1, z3, z4) . (3.11)
Going over to the momentum fraction representation, we define a new twist-4 four-
particle proton distribution amplitude Ξg4 in Eq. (3.3).
3.2 Mixed chirality operators
The distribution amplitudes Φ4 and Ψ4 are given by the matrix elements of the operators
with collinear twist E = 4 and helicity H = −1/2. There exist three independent three-
quark operators with these quantum numbers:
Q1(z1, z2, z3) =ijk ψa,i− (z1)ψb,j+ (z2) χ¯c,k+ (z3) ,
Q2(z1, z2, z3) =ijk ψa,i+ (z1)ψb,j− (z2) χ¯c,k+ (z3) ,
Q3(z1, z2, z3) =1
2
ijk ψa,i+ (z1)ψ
b,j
+ (z2) [χ¯
3/2
+ ]
c,k(z3) , (3.12)
where χ¯
3/2
+ ≡ χ¯(3/2,0)+ = −(µDλ¯)χ¯+ ≡ −Dµλ˙χ¯+, cf. Eq. (2.59). In addition there are
three operators containing an extra gluon field
G1(z1, z2, z3, z4) =igijk (µλ) [f¯++(z4)ψa+(z1)]i ψb,j+ (z2) χ¯c,k+ (z3) ,
G2(z1, z2, z3, z4) =igijk (µλ)ψa,i+ (z1) [f¯++(z4)ψb+(z2)]j χ¯c,k+ (z3) ,
G3(z1, z2, z3, z4) =igijk (µλ)ψa,i+ (z1)ψb,j+ (z2) [f¯++(z4)χ¯c+(z3)]k , (3.13)
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which, again, are subjected to the constraint
G1(z1, z2, z3, z4) + G2(z1, z2, z3, z4) + G3(z1, z2, z3, z4) = 0 . (3.14)
Thus there are two independent distribution amplitudes in this case, Φg4 and Ψ
g
4, which
can be defined as in Eq. (3.3).
The operators Q1(z2, z3, z1) and Q2(z1, z3, z2) with the choice of flavors b = d and
a = c = u enter directly the definition of Ψ4 and Φ4 in (3.1). For practical applications
it can be convenient to introduce an additional distribution amplitude related to the
operator Q3
1
2
〈0|ijkψu,i+ (z1)[χ¯3/2+ ]u,j(z2)ψd,k+ (z3)|P 〉 =
i
4
(µλ)(pn)mNN
↑
+
∫
Dx e−i(pn)
P
xizi D4(x) ,
(3.15)
The amplitude D4 is not independent and can be reduced to the combination of other
amplitudes using EOM. For the matrix elements in coordinate space
ϕk(z1, z2, z3) = 〈0|Qk(z1, z2, z3)|P 〉 , ϕgk(z1, z2, z3, z4) = 〈0|Gk(z1, z2, z3, z4)|P 〉 , (3.16)
this relation reads
ϕ3(z1, z2, z3) =
∂
∂z1
ϕ1(z1, z2, z3) +
∂
∂z2
ϕ2(z1, z2, z3)
− 1
2
∫ 1
0
dτ
(
z13 ϕ
g
1(z1, z2, z3, z
τ
13) + z23 ϕ
g
2(z1, z2, z3, z
τ
23)
)
, (3.17)
where we use the notation
zik = zi − zk , τ¯ = 1− τ , zτik = ziτ¯ + zkτ. (3.18)
Going to the momentum fractions one derives
D4(x1, x2, x3) =x3Φ4(x1, x2, x3) + x1Ψ4(x2, x1, x3)
+
1
2
(∫ x2
0
dx
x
Φg4(x1, x2 − x, x3, x)−
∫ x3
0
dx
x
Φg4(x1, x2, x3 − x, x)
+
∫ x1
0
dx
x
Ψg4(x2, x1 − x, x3, x)−
∫ x3
0
dx
x
Ψg4(x2, x1, x3 − x, x)
)
. (3.19)
4 Renormalization Group Equations
4.1 General properties
The matrix of anomalous dimensions for a set of local operators Oi is defined as
γik = Z
−1
ij µ
∂
∂µ
Zjk , [O]i = Z
−1
ik O
B
k , (4.1)
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where [O]i, O
B
i are renormalized and bare operators, respectively. The renormalized
operators satisfy the matrix RG equation(
µ
∂
∂µ
+ β(g)
∂
∂g
+ γik(g)
)
[O]k = 0 , (4.2)
which, equivalently, can be cast in the form of an integro-differential equation for the
generating functions (light-ray operators):(
µ
∂
∂µ
+ β(g)
∂
∂g
+ γ(g)
)
[O](z1, . . . , zN) = 0 . (4.3)
Here γ is an integral operator, which we write as
γ =
αs
2pi
H , (4.4)
where αs = g
2/4pi. In what follows we will refer to the evolution kernel H as the
Hamiltonian. It is determined by one-loop counterterms to the nonlocal operator.
For the both cases of pure chirality and mixed chirality operators we will be dealing
with three light-ray three-quark operators, (3.5) or (3.12), and three operators with an
additional gluon field, (3.6) or (3.13), respectively. Thus H is in both cases a 6×6 matrix
which can be written as
H =
(
Hq Hqg
0 Hg
)
. (4.5)
Each block, Hq,Hg,Hqg, is a 3× 3 matrix where the entries are integral operators. The
diagonal blocks, Hq and Hg, are given by the sum of two-particle operators, whereas the
off-diagonal block Hqg describes 3→ 2 transitions. The explicit expressions will be given
below.
One of the three light-ray operators involving a gluon field, e.g. G3(z1, z2, z3, z4)
(3.6) and G3(z1, z2, z3, z4) (3.13), can be excluded from consideration with the help of the
operator identity (3.7). Let
Ochiral(~z) =

Q1(z1, . . . , z3)
Q2(z1, . . . , z3)
Q3(z1, . . . , z3)
G1(z1, . . . , z4)
G2(z1, . . . , z4)
 (4.6)
be the vector of the remaining five independent chiral operators, and similar for mixed
chirality. This vector satisfies the RG equation with the modified Hamiltonian(
µ
∂
∂µ
+ β(g)
∂
∂g
+
αs
2pi
H˜
)
O(~z) = 0 . (4.7)
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where H˜ is a 5× 5 matrix such that
[H˜q]ik = [Hq]ik , i, k = 1, 2, 3
[H˜g]ik = [Hg]ik − [Hg]i3 , i, k = 1, 2
[H˜qg]ik = [Hqg]ik − [Hqg]i3 , i = 1, 2, 3, k = 1, 2 (4.8)
The nonlocal operator O(~z) can be expanded over a complete basis of local operators
O(~z) =
∑
N,q
ΨN,q(~z)ON,q , (4.9)
where operator ON,q has canonical dimension N + 9/2 and q enumerates independent
local operators of the same dimension. If a local operator ON,q satisfies the RG equation
(µ∂µ + β(g)∂g + γN,q)ON,q = 0 then the corresponding “coefficient” function ΨN,q(~z) is
the eigenvector of the Hamiltonian H˜
[H˜ΨN,q](~z) = EN,qΨN,q(~z) , (4.10)
and γN,q = (αs/2pi)EN,q so that
ON,q(µ2) =
(
αs(µ2)
αs(µ1)
)EN,q/β0
ON,q(µ1) , (4.11)
where β0 = 11/3Nc − 2/3nf .
The coefficient functions of local operators ΨN,q(~z) are homogeneous polynomials of
three variables
Ψ
(i)
N,q(~z) =
∑
k1,...,k3
k1+k2+k3=N
ψ
(i)N,q
k1 k2 k3
zk11 z
k2
2 z
k3
3 , (4.12)
for the quark components, i = 1, 2, 3, and four variables
Ψ
(i)
N,q(~z) =
∑
k1,...,k4
k1+...+k4=N−2
ψ
(i)N,q
k1 k2 k3 k4
zk11 z
k2
2 z
k3
3 z
k4
4 (4.13)
for the quark-gluon components, i = 4, 5.
4.2 Conformally invariant evolution kernels
The structure of the Hamiltonian is severely constrained by conformal symmetry. It
follows from the group theory that a nontrivial operator mapping the representation
T j1 ⊗ T j2 to T i1 ⊗ T i2 only exists if the difference i1 + i2 − j1 − j2 is an integer. If
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i1 + i2 = j1 + j2 a conformally invariant operator K can be written in the form (see
Ref. [37] for details)
[Ki1i2j1j2ϕ](z1, z2) =
∫ 1
0
dα
∫ 1
0
dβ α¯i1+j1−2 αi2−j2 β¯i2+j2−2 βi1−j1 κ
(
αβ
α¯β¯
)
ϕ(zα12, z
β
21) ,
(4.14)
where the notation follows Eq. (3.18); the function κ(x) is arbitrary.
The two-particle one-loop kernels fall in two groups. The kernels in the first group
involve a single integration, κ(x) ∼ δ(x), and their form is completely fixed (up to
prefactor) by the conformal spins of the fields. For the case that the conformal spins are
conserved, ii = j1 and i2 = j2, one important example is
†
[Hv12ϕ](z1, z2) =
∫ 1
0
dα
α
{
α¯2j1−1[ϕ(z1, z2)−ϕ(zα12, z2)]+ α¯2j2−1[ϕ(z1, z2)−ϕ(z1, zα21)]
}
.
(4.15)
This structure is specific for gauge theories and arises from the diagrams involving the
gluon field in the light-like Wilson lines (in covariant gauges).
Another kernel of this type is the “exchange” kernel,He. It maps T j1⊗T j2 → T j2⊗T j1
and is fixed by conformal symmetry up to a prefactor [37]. Assuming that j1 > j2:
[He12ϕ](z1, z2) =
∫ 1
0
dα α¯2j2−1 α2(j1−j2)−1 ϕ(zα12, z2) . (4.16)
The two-particle kernels (4.15), (4.16) depend implicitly on the conformal spins of the
fields which they act on; this dependence will always be implied.
The kernels (4.15) and (4.16) are both known from the studies of leading twist oper-
ators. In addition, we will need
[Hd12ϕ](z1, z2) = ϕ(zα12, zβ21) =
∫ 1
0
dα α¯2j1−1 α2j2−1 ϕ(zα12, z
α
12) , (4.17)
which corresponds to the “diagonal” mapping without the spin exchange: T j1 ⊗ T j2 →
T j1 ⊗ T j2 with κ(x) = δ(1− x).
The kernels in the second group retain both integrations as in (4.14) and usually
involve a theta–function κ(x) ∼ θ(1− x) or κ(x) ∼ θ(x− 1) which restricts the region of
integration to α+β ≤ 1 and 1 ≤ α+β, respectively. We define two more kernels H± by
[H+12ϕ](z1, z2) =
∫ 1
0
dα
∫ α¯
0
dβ α¯2j1−2 β¯2j2−2 ϕ(zα12, z
β
21) , (4.18)
[H−12ϕ](z1, z2) =
∫ 1
0
dα
∫ 1
α¯
dβ α¯2j1−2 β¯2j2−2 ϕ(zα12, z
β
21) . (4.19)
†Here and below the subscripts Hik, i, k = 1, 2, 3, 4, indicate that the kernel acts on the coordinates
of the i-th and k-th partons (particles).
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The off-diagonal block Hqg maps the SL(2,R) representations with a different number
of fields T 1 ⊗ T 1 ⊗ T 3/2 → T j1 ⊗ T j2 , where either j1 = 1/2, j2 = 1 or j1 = 1/2, j2 = 1
so that in the both cases j1 + j2 = 3/2. The general form of the corresponding kernel
consistent with conformal symmetry is
[Rf ](z1, z2) = z
2
12
∫ 1
0
dα
∫ 1
0
dβ
∫ 1
0
dγβ¯2j2−1β2j1−1r
(
αγ
α¯γ¯
,
γβ¯
βγ¯
)
f(zα12, z
γ
21, z
β
21) . (4.20)
where r(x, y) is an arbitrary function. In one-loop diagrams the following kernels appear:
[V(1)12(3) f ](z1, z2) =z212
∫ 1
0
dα
∫ 1
α¯
dβ
α¯β¯
α
f(zα12, z2, z
β
21) , (4.21)
[V(2)12(3) f ](z1, z2) =z212
∫ 1
0
dα
∫ α¯
0
dβ β f(zα12, z2, z
β
21) , (4.22)
[V(3)12(3) f ](z1, z2) =z212
∫ 1
0
dβ
∫ 1
β
dγ
βγ¯
γ
(
γ¯
γ
− 2 β¯
β
)
f(z1, z
γ
21, z
β
21) , (4.23)
[V(4)12(3) f ](z1, z2) =z212
∫ 1
0
dβ β¯
{
f(z1, z2, z
β
21) +
β¯
β
∫ β
0
dγf(z1, z
γ
21, z
β
21)
}
, (4.24)
[V(a)12(3)f ](z1, z2) =z212
∫ 1
0
dα
∫ 1
α¯
dβ
∫ α¯
0
dγ β¯ f(zα12, z
γ
21, z
β
21) , (4.25)
[V(b)12(3)f ](z1, z2) =z212
∫ 1
0
dα
∫ α¯
0
dβ
∫ α¯
0
dγ β¯ f(zα12, z
γ
21, z
β
21) , (4.26)
[V(c)12(3)f ](z1, z2) =z212
∫ 1
0
dα
∫ α¯
0
dβ
∫ β
0
dγ β¯ f(zα12, z
γ
21, z
β
21) , (4.27)
which correspond to the choices
r(1)(x, y) = δ(x) θ(x/y − 1), r(2)(x, y) = δ(y) θ(1− x/y), (4.28)
r(3)(x, y) = δ(x) θ(y − 1)
(
1
y
− 2
)
, r(4)(x, y) = θ(1− y)δ(x/y) (1 + δ(y)), (4.29)
r(a)(x, y) = θ(1− x)θ(x/y − 1), r(b)(x, y) = θ(1− x)θ(1− x/y), (4.30)
r(c)(x, y) = θ(1− y)θ(1− x/y) . (4.31)
4.3 The scalar product
We will be looking for solutions of the Schro¨dinger equation (4.10) that are polynomials in
light-cone variables zk. The scalar product on this space can be constructed as follows.
First of all, we allow zk to take complex values. It is convenient at this point to go
over from the SL(2, R) group to SU(1, 1) which has the same algebra. In particular,
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the SU(1, 1) generators have the same form. The SU(1, 1) invariant scalar product is
defined as [38]
〈f1, f2〉j =
∫
|z|<1
Djz f1(z) f2(z) , Djz =
2j − 1
pi
(1− |z|2)2j−2d2z , (4.32)
where j is the conformal spin, j ≥ 1/2, and functions fk(z) are polynomials in z; f(z) =
(f(z))∗ stands for complex conjugation. For the special case j = 1/2 the SU(1, 1) scalar
product takes the form
〈f1, f2〉j=1/2 = 1
2pi
∫ 2pi
0
dϕ f1(eiϕ) f2(e
iϕ) . (4.33)
One easily finds ||zn||2 ≡ 〈zn, zn〉 = Γ(2j)n!
Γ(2j + n)
. For polynomials of several variables
f(z1, . . . , zn) which belong to the tensor product T
j1 ⊗ . . . ⊗ T jn , the scalar product is
given by
〈f1, f2〉 =
(
n∏
k=1
∫
|zk|<1
Djk zk
)
f1(z1, . . . , zn) f2(z1, . . . , zn) . (4.34)
It can be shown that the diagonal blocks (three-particle and four-particle) of the evolution
Hamiltonians are self-adjoint with respect to the following scalar product:
〈Ψ1|Ψ2〉 =
5∑
i
〈Ψ(i)1 |ΩikΨ(k)2 〉 , (4.35)
where the matrix Ω is
Ω =

a1 0 0 0 0
0 a2 0 0 0
0 0 a3 0 0
0 0 0 2 1
0 0 0 1 2
 . (4.36)
The coefficients ai = a for the chiral operators and a1 = a2 = 2a3 = a for the mixed
ones, where a > 0 is an arbitrary constant. We put a = 1 in what follows. It is tacitly
implied that 〈Ψ(i)1 |ΩikΨ(k)2 〉, in (4.36) is given by the SU(1, 1) scalar product (4.34) with
the spins jk equal to the conformal spins of Ψ
(i)
1 .
We would like to emphasize that the choice of the scalar product depends on the
problem under consideration, see, e.g. [39] for a discussion.
4.4 Chiral operators
We are now in a position to write the explicit expression for the Hamiltonian that
governs the RG equation for the chiral operators (3.5), (3.6). The quark block Hψψψq can
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be written in terms of the two kernels defined in (4.15) and (4.16):
Hψψψq =
(
1 +
1
Nc
)
Hψψψq (4.37)
with
Hψψψq =
 H He12 He13He21 H He23
He31 He32 H
 , (4.38)
where
H = Hv12 +Hv23 +Hv31 −
1
2
. (4.39)
As discussed in Sect. 3 the Hamiltonian Hq describes renormalization of the three quark
operators of both geometrical twist T = 3 and T = 4. On the other hand, the Hamil-
tonian for the twist-3 operator ψ+ψ+ψ+ is known from Ref. [8], where it is called H3/2.
Thus one obtains a nontrivial consistency condition‡
(Hψψψq )k1 + (Hψψψq )k2 + (Hψψψq )k3 = H3/2 , k = 1, 2, 3 , (4.40)
which, alternatively, can be used to restore Hq from the known result [8] for H3/2.
The “gluon” block Hg describes the renormalization of four-particle quasi-partonic
operators and can be restored from the results existing in the literature [6, 23, 40].
Though the baryon operators in question make sense for Nc = 3 only, it is convenient to
separate the terms with the different color factor:
Hψψψf¯g = NcH(1)g +H(0)g +
1
Nc
H(−1)g +
21
2
, (4.41)
where the last term (a constant) stands for the self-energy type contributions. For the
diagonal elements we find
[H(1)g ]kk =Hvk4 − 2H+k4 ,
[H(0)g ]kk =Hvk+1,k−1 +Hvk+1,4 +Hvk−1,4 − 2
(H+k+1,4 +H+k−1,4 +H−k+1,4 +H−k−1,4) ,
[H(−1)g ]kk =Hv12 +Hv23 +Hv31 − 2H−k4 . (4.42)
In these expressions k = 1, 2, 3 and k, k ± 1 appearing in the subscripts of the kernels
on the r.h.s. refer to arguments of the quark fields. If k + 1 = 4 or k − 1 = 0 the
corresponding subscript should be put to 1 or 3, respectively.
‡H3/2 on the r.h.s. of (4.40) is given by the sum of three “v”-type kernels for the conformal spins
pairs {ji, jk} = {1, 1} whereas H0 on the l.h.s. contains one kernel with {ji, jk} = {1, 1} and two kernels
with {ji, jk} = {1, 1/2}. The “e”-type kernels appearing in the non-diagonal entries (Hq)12 + (Hq)13
correct for this difference.
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The off-diagonal matrix elements i, k = 1, 2, 3, i 6= k, read
[H(0)g ]ik =Hvik −Hvk4 + 2H+k4 −
1
2
,
[H(−1)g ]ik =− 2H−k4 . (4.43)
The identity in Eq. (3.7) implies the relations
[Hg]11 − [Hg]13 + [Hg]21 − [Hg]23 = [Hg]33 − [Hg]31 ,
[Hg]22 − [Hg]23 + [Hg]12 − [Hg]13 = [Hg]33 − [Hg]32 . (4.44)
Finally, for the off-diagonal quark-gluon block we find
Hchiralqg = −
1
2
Hchiralqg , (4.45)
with
[Hchiralqg ]kk =
1
Nc
(
V(1)k,k+1,(4) + V(1)k,k−1,(4)
)
− V(2)k,k+1,(4) − V(2)k,k−1,(4) ,
[Hchiralqg ]ik =V(1)ik(4) + V(2)ik(4) , (4.46)
where, as above, the subscripts k, k ± 1 take the values 1, 2, 3.
4.5 Mixed chirality operators
For the mixed chirality operators (3.12), (3.13) the quark block is
Hψψχq =
(
1 +
1
Nc
)
Hψψχq (4.47)
where
Hψψχq =

H +Hd13 −H+23 He12 z13H+13
He21 H +Hd23 −H+13 z23H+23
z−113 (I− 2Hd13) z−123 (I− 2Hd23) H− 2(H+13 +H+23) + 3
 . (4.48)
Similar to Eq. (4.40) one can derive the consistency relations
[Hψψχq ]11 + [Hψψχq ]12 − [Hψψχq ]13 ∂z3 = H1/2 ,
[Hψψχq ]33 ∂z3 − [Hψψχq ]31 − [Hψψχq ]32 = ∂z3 H1/2 , (4.49)
where the Hamiltonian H1/2 describes the renormalization of the leading twist-three
nucleon distribution amplitude [9].
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The gluon block Hψψχf¯g can be expanded in powers of Nc in the same way as in (4.41),
with
[Hψψχf¯,(1)g ]kk =Hvk4 − 2 (1− δk3)H+k4 , (4.50)
[Hψψχf¯,(0)g ]11 =Hv23 +Hv24 +Hv34 −H+23 − 2H+24 − 2H−24 + P34He43 ,
[Hψψχf¯,(0)g ]22 =Hv13 +Hv14 +Hv34 −H+13 − 2H+14 − 2H−14 + P34He43 ,
[Hψψχf¯,(0)g ]33 =Hv12 +Hv14 +Hv24 − 2(H+14 +H+24 +H−14 +H−24) ,
[Hψψχf¯,(0)g ]12 =Hv12 −Hv24 + 2H+24 −
1
2
, [Hψψχf¯,(0)g ]21 = Hv21 −Hv14 + 2H+14 −
1
2
,
[Hψψχf¯,(0)g ]j3 =Hvj3 −Hv34 − H+j3 −
1
2
, [Hψψχf¯,(0)g ]3j = Hv3j −Hvj4 −H+j3 + 2H+j4 −
1
2
,
(4.51)
[Hψψχf¯,(−1)g ]kk = Hv12 +Hv13 +Hv23 −H+13 −H+23 − 2(1− δk,3)H−k4 + δk3P34He43 ,
[Hψψχf¯,(−1)g ]12 = −2H−24 , [Hψψχf¯,(−1)g ]21 = −2H−14 ,
[Hψψχf¯,(−1)g ]j3 = P34He43 , [Hψψχf¯,(−1)g ]3j = −2H−14 , (4.52)
where P34 is the permutation operator P34f(z1, z2, z3, z4) = f(z1, z2, z4, z3), k = 1, 2, 3
and j = 1, 2. The entries [Hψψχf¯g ]ik satisfy the same constraint (4.44). Finally, for the
off-diagonal quark-gluon block we find
Hmixedqg = −
1
2
Hmixedqg , (4.53)
where[Hmixedqg ]jk = [Hchiralqg ]jk + [∆Hqg]jk , j, k = 1, 2
[Hmixedqg ]3k =
2
zk3
(
V(b)k3(4) −
1
3
V(a)k3(4) −
1
2
V(3)k3(4) +
1
2
V(4)k3(4)
)
, k = 1, 2
[Hmixedqg ]33 =− 2
2∑
j=1
1
zj3
(
V(a)j3(4) −
1
3
V(b)j3(4) +
4
3
V(c)j3(4) +
1
6
V(3)j3(4) +
1
2
V(4)j3(4)
)
, (4.54)
Hchiralqg is given in Eq. (4.46) and
[∆Hqg]12 =[∆Hqg]21 = 0 ,
[∆Hqg]jj =1
3
V(a)j3(4) − V(b)j3(4) ,
[∆Hqg]j3 =V(a)j3(4) −
1
3
V(b)j3(4) +
4
3
V(c)j3(4) , (4.55)
for j = 1, 2.
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5 Renormalization Group Equations II: Solutions
The Hamiltonian (4.7) has block-triangular structure. In order to find its eigenvalues it
is, therefore, sufficient to consider the diagonal quark and quark-gluon blocks separately.
5.1 Chiral quark operators
5.1.1 Permutation symmetry
The three-quark HamiltonianHψψψq is given by Eq. (4.38) with the kernelsHv,He defined
in (4.15), (4.16), respectively. It is easy to check that Hψψψq commutes with the generator
of cyclic permutations
[P ,Hψψψq ] = 0 , P = Pa ⊗ Pz , P3 = 1 , (5.1)
where Pa permutes the quark quantum numbers and Pz the quark coordinates, respec-
tively:
Pa Ψ
(i)
N,q(z1, z2, z3) = Ψ
(i+1)
N,q (z1, z2, z3) ,
Pz Ψ
(i)
N,q(z1, z2, z3) = Ψ
(i)
N,q(z3, z1, z2) . (5.2)
The eigenfunctions of Hψψψq can always be chosen to have definite parity with respect to
the cyclic permutations:
P ΨεN,q = εΨεN,q , ε ∈ {1, ei2pi/3, e−i2pi/3} . (5.3)
The (vector) eigenfunction Ψ
()
N,q can be written in terms of the single function ψ
()
N,q as
ΨεN,q(z1, z2, z3) =
ε0 ψεN,q(z1, z2, z3)ε1 ψεN,q(z2, z3, z1)
ε2 ψεN,q(z3, z1, z2)
 . (5.4)
The eigenfunctions of different parity are orthogonal with respect to the quark part of
the scalar product (4.35), 〈Ψε|Ψε′〉 ∼ δεε′ , whereas for the eigenfunctions of the same
parity one gets
〈ΨεN,q|ΨεN,q′〉 = 3 〈ψεN,q|ψεN,q′〉 . (5.5)
The scalar product on the r.h.s. is given by Eq. (4.34) for the spins j1 = 1/2, j2 = j3 = 1.
In addition to the symmetry under cyclic permutations, the Hamiltonian Hψψψq com-
mutes with the permutation operator P12 = P (12)a ⊗ P (12)z defined as
P (12)a Ψ
(1)(~z) = Ψ(2)(~z) , P (12)a Ψ
(2)(~z) = Ψ(1)(~z) , P (12)z Ψ
(i)(z1, z2, z3) = Ψ
(i)(z2, z1, z3) .
(5.6)
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Since P12P = P−1P12 one concludes that P12 ΨεN,q ∼ Ψε−1N,q . Thus the eigenvalues of the
Hamiltonian Hψψψq in the sectors with ε = e±i2pi/3 coincide.
Furthermore, if ΨεN,q is the eigenfunction of the HamiltonianHψψψq with the eigenvalue
EεN,q , then ψεN,q is the eigenfunction with the same eigenvalue of the effective Hamiltonian
H(ε),
H(ε)ψεN,q(z1, z2, z3) = EεN,q ψεN,q(z1, z2, z3) , (5.7)
where
H(ε) = H3/2 −He12(1− εP−1z )−He13(1− ε−1Pz) . (5.8)
Here H3/2 is the evolution Hamiltonian for the twist-3 chiral quark operator [8],
H3/2 = Hv12 +Hv23 +Hv31 +
3
2
, (5.9)
where the three kernels Hvik are all given by (4.15) for the conformal spins ji = jk = 1.
As was explained earlier the Hamiltonian Hψψψq , alias H(ε), describes the evolution
of chiral operators of both geometrical twist-4 and twist-3. The twist-3 eigenfunctions
Ψtw−3N,q (z1, z2, z3) which belong to the sector with P-parity ε, have the same parity with
respect to cyclic permutations of the coordinates Pz alone, Pz Ψ
tw−3
N,q = εΨ
tw−3
N,q . From
the explicit expression in (5.8) it follows, obviously, that on such functions H(ε) reduces
to H3/2, as expected.
It follows that the eigenvalues (and eigenfunctions) of Hψψψq can be separated in three
symmetry classes corresponding to the renormalization group equation for:
• twist-3 operators;
• twist-4 operators with P-parity ε = 1;
• twist-4 operators with P-parity ε = e±i2pi/3.
In the application to the nucleon distribution amplitudes we are interested in the eigen-
functions that satisfy the relations in (3.9) (otherwise, the matrix elements of the cor-
responding local operators between the vacuum and nucleon state vanish). One can
easily verify that the following combination of the eigenfunctions with ε = e+2ipi/3 and
ε = e−2ipi/3 has the required symmetry property:
ΨN,q(~z) ∼ (1 + P12) ΨεN,q(~z) . (5.10)
The twist-4 eigenfunctions with ε = 1 do not satisfy the relation (3.9). They are relevant
e.g. for the distribution amplitudes of baryons with isospin I = 3/2.
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5.1.2 Complete Integrability
The Hamiltonian (4.38) possesses a hidden integral of motion. Let
Sik = ∂k(zk − zi) ≡ (∂/∂zk)(zk − zi) . (5.11)
It is easy to see that Sik acts as the intertwining operator between the representations
T jk=1/2 ⊗ T ji=1 and T jk=1 ⊗ T ji=1/2:
SikT
jk=1/2 ⊗ T ji=1 = T jk=1 ⊗ T ji=1/2Sik . (5.12)
We define two-particle (3× 3 matrix) operators [Q±ik]i
′k′ , where i < k and i′, k′ = 1, 2, 3,
by
[Q±ik]
ik = Sik , [Q
±
ik]
ki = Ski (5.13)
and all other off-diagonal matrix elements being zero. For the diagonal matrix elements
we put [Q±ik]
ii = [Q±ik]
kk = 1
2
and
[Q+ik]
jj =
1
2
+ Sik [Q
−
ik]
jj =
1
2
+ Ski, (5.14)
for j different from i and k. For example, explicit expressions for Q±12 are
Q+12 =
1
2
I+
 0 S12 0S21 0 0
0 0 S12
 , Q−12 = 12 I+
 0 S12 0S21 0 0
0 0 S21
 . (5.15)
The two-particle Casimir operators Ĵ2ik can be written in terms of Q
±
ik as
§
Ĵ2ik =
1
2
{Q+ik, Q−ik} −
1
4
(5.16)
The Hamiltonian Hψψψq can be represented in the form
Hψψψq = H12 +H23 +H31 +
3
2
, (5.17)
where
H12 = 2
[
ψ(Ĵ212)− ψ(2)
]
=
Hv12 − 1 He12 0He12 Hv12 − 1 0
0 0 Hv12
 (5.18)
and similarly for H23,H31.
§It is easy to see that the anticommutator Ĵ2ik of the Q
±
ik operators is SL(2,R) invariant whereas the
Q±ik themselves are not.
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Figure 1: The spectrum of the conserved charge, Q3/(N + 3)
3, for twist-3 and twist-4
chiral quark operators.
Finally, let¶
Q̂3 =
i
2
[Ĵ212, Ĵ
2
23] . (5.19)
The operator Q̂3 commutes with the Hamiltonian Hψψψq :
[Q̂3,Hψψψq ] = 0 (5.20)
and defines, therefore, a nontrivial integral of motion. To prove (5.20) it is sufficient to
show that
[(Hik), Q̂3] = i(Ĵ2kj − Ĵ2ji) , (5.21)
where j 6= i, k, and the pair-wise Hamiltonians (Hik) are given in Eq. (5.18). This
can be done by calculating both sides of the relation (5.21) in the conformal basis, see
Refs. [9, 15] for the details.
It is straightforward to check that the operator Q̂3 commutes with the operator of
cyclic permutations P and anticommutes with P12,
[Q̂3,P ] = {Q̂3,P12} = 0 . (5.22)
Eq. (5.22) together with (5.20) imply that all eigenstates of the Hamiltonian are double
degenerate, except for the states which are annihilated by Q̂3 i.e. Q̂3Ψ = 0, cf. [9]. The
spectrum of Q̂3 is shown and compared with the corresponding spectrum of the twist-3
conserved charge [9] in Fig. 1.
¶ Note that [Ĵ212, Ĵ
2
23] = [Ĵ
2
13, Ĵ
2
12] = [Ĵ
2
23, Ĵ
2
13].
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It was shown in Ref. [27] that the spectrum of one-loop anomalous dimensions of
(anti)chiral composite operators in QCD, i.e. operators constructed from the (anti)chiral
fields and their derivatives, coincides with the spectrum of a certain (integrable) SU(2, 2)-
invariant spin chain. The Hamiltonian (5.17) can be viewed as the restriction of the
general SU(2, 2) spin chain Hamiltonian on the subspace with twist E = 4 and helicity
H = 1/2.
5.1.3 The spectrum of anomalous dimensions
A short-distance expansion of the nonlocal operator O(~z), see Eq. (4.9), runs over a
complete set of local operators ON,q including operators with total derivatives. It is clear
that in order to find the anomalous dimensions the operators with total derivatives can be
omitted. The operators without total derivatives can be singled out by their properties
under conformal transformations: they transform according to (2.41) and are usually
referred to as conformal operators. The coefficient functions ΨN,q(~z) corresponding to
the conformal operators satisfy the following constraints
(∂1 + ∂2 + ∂3)ΨN,q(~z) = 0 , (5.23)
∂1Ψ
(1)
N,q(~z) + ∂2Ψ
(2)
N,q(~z) + ∂3Ψ
(3)
N,q(~z) = 0 , (5.24)
that follows from the requirement that such operators correspond to highest weights of
the corresponding representation. To get the first equation, we apply the operator P 22˙
which generates shifts along the “plus” light-cone direction to Eq. (4.9). One gets∑
N,q
[
(∂1 + ∂2 + ∂3)ΨN,q(~z)
]
ON,q =
∑
N,q
ΨN,q(~z) ∂+ON,q . (5.25)
The r.h.s. of this identity contains only operators with total derivatives, hence the
coefficients of the conformal operators on the l.h.s. must vanish.
To derive Eq. (5.24) we apply the transverse derivative P 12˙ to the nonlocal operator
of leading twist–3: Otw−3(~z) = ijkψa,i+ (z1)ψ
b,j
+ (z2)ψ
c,k
+ (z3). Taking into account that
i[P12˙ψ+](z) = −2∂zψ−(z), one obtains
i[P12˙,Otw−3(~z)] = −2
3∑
k=1
∂
∂zk
Qk(~z) = −2
∑
N,q
(
3∑
k=1
∂
∂zk
Ψ
(k)
N,q(~z)
)
QN,q , (5.26)
where Qk(~z) are defined in Eq. (3.5). Again, since the l.h.s. only contains operators with
the total derivatives, the coefficients of conformal operators on the r.h.s. have to vanish.
The spectrum of the Hamiltonian Hψψψq can be studied using powerful Quantum
Inverse Scattering Methods (QISM) [41] which is however beyond the scope of present
paper. For this work we adopted a “brute-force” method, calculating Hψψψq in the basis
of functions
eN,k(z1, z2, z3) =
(z1 − z2)k (z1 − z3)N−k
k!(N − k)!) , (5.27)
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Figure 2: The spectrum of the Hamiltonian Hψψψq = (1 + 1/Nc)Hψψψq .
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Hψψψq eN,k =
N∑
k′=0
(Hψψψq )k′k eN,k′ , (5.28)
and diagonalizing the resulting (N + 1) × (N + 1) matrix (Hψψψq )k′k numerically. The
translation invariance of eN,k guarantees that the constraint in Eq. (5.23) is satisfied
identically.
The results are presented in Fig. 2. The spectra of twist-3 and twist-4 operators are
shown in the upper left and upper right panels, respectively. The two lower panels show
the twist-4 spectra in the sectors with ε = 1 and ε = ei2pi/3 separately. In addition, the
numerical values of the eigenvalues for N ≤ 6 are collected in Table 2.
N EN,0 EN,1 EN,2 EN,3
0 −2∗ - - -
1 −2
3
4
3
∗
- -
2 4
3
∗
4 - -
3 2 29−
√
57
6
∗
29+
√
57
6
∗
-
4 167−3
√
481
30
∗
17
3
167+3
√
481
30
∗
-
5 34
9
77
15
∗ 67
9
∗ 137
15
6 3.633418∗ 311/60 6.687457∗ 7.724361∗
Table 2: Anomalous dimensions of twist-4 chiral-quark operators in units of αs/(2pi); N is
the total number of covariant derivatives. The entries marked with an asterisk correspond
to the operators with P-parity ε = e±i2pi/3 and the remaining ones to ε = 1. All anomalous
dimensions except for the lowest ones, EN,0, for odd N = 2k + 1, are double degenerate.
The general features of the twist-3 and twist-4 spectra are similar. For both cases
all eigenvalues are double degenerate (see above), except for those corresponding to zero
eigenvalue of the conserved charge Q̂3ΨN,q = Q3ΨN,q, Q3 = 0. These special eigenvalues
turn out to be the lowest ones in the spectrum and can be found explicitly. There are
two series of such states, one in the twist-3 sector and one in the twist-4 sector.
The twist-3 eigenstates with Q3 = 0 were studied in Ref. [9]. They exist for even N ,
are invariant under cyclic permutations and have the energy
Etw−3Q3=0(N) =
(
1 +
1
Nc
){
4
[
ψ(N + 3)− ψ(2)]− 1
2
}
, N − even , (5.29)
where ψ(x) is the Euler ψ–function. The twist-4 eigenstates with Q3 = 0 exist for odd
N . They are also invariant and cyclic permutations (ε = 1) and have the energy
Etw−4Q3=0(N) =
(
1 +
1
Nc
){
4
[
ψ
(
N + 3
2
)
− ψ(2)
]
− 1
2
}
, N − odd. (5.30)
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Figure 3: The spectrum of the Hamiltonian Hψψχ¯q = (1 + 1/Nc)Hψψχ¯q .
The appearance of (N + 3)/2 as argument of the Euler ψ–function is characteristic for
systems involving half-integer conformal spins, cf. [12, 42]
As is seen from Fig. 2 the upper parts of the twist-3 and twist-4 spectra are very
similar to each other and are in fact interlacing. In particular the line of the largest
eigenvalues is the same for both twists and is given by [9]
Emax(N) =
(
1 +
1
Nc
){
6 lnN − 3 ln 3 + 6γE + 3
2
+O(1/N)
}
. (5.31)
The distance between the neighboring eigenvalues is in both cases O(1/N) in the upper
part and O(1/ ln2N) in the lower part of the spectra, respectively.
5.2 Mixed chirality quark operators
The analysis of operators of mixed chirality goes along the same lines. The eigenfunctions
of conformal twist-4 operators have to satisfy the constraint in Eq. (5.23) and in addition
∂
∂z1
Ψ
(1)
N,q(~z) +
∂
∂z2
Ψ
(2)
N,q(~z) = Ψ
(3)
N,q(~z) , (5.32)
instead of (5.24). The spectra of the operators of geometric twist-3 and twist-4 are shown
in Fig. 3. They are non-degenerate in both cases, in difference to the chiral operators.
The numerical values of the twist-4 eigenvalues for N ≤ 4 are collected in Table 3.
The eigenvalues in the upper part of the spectra for twist-3 and twist-4 are very close
to each other and to the corresponding eigenvalues for chiral operators, cf. Fig. 2. In
particular, to the O(1/N) accuracy the line of the largest eigenvalues does not depend
on chirality. It is the same for both twists and is given by Eq. (5.31).
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N EN,0 EN,1 EN,2 EN,3 EN,4
0 −2 - - - -
1 2/9 2 - - -
2 2(14−
√
43)
9
32/9 2(14+
√
43)
9
- -
3 197−
√
5089
45
49−√73
9
49+
√
73
9
197+
√
5089
45
-
4 3.706620 589−
√
11161
90
6.634936 589+
√
11161
90
7.858442
Table 3: Anomalous dimensions of twist-4 quark operators of mixed chirality in units of
αs/(2pi); N is the total number of covariant derivatives.
5.3 Quark-gluon operators
Anomalous dimensions of four-particle twist-4 quark-gluon operators correspond to the
eigenvalues of the Hamiltonians Hψψψf¯g and Hψψχf¯g for the pure and mixed quark chirality
cases, respectively.
The Hamiltonian Hψψψf¯ is given explicitly in Eqs. (4.41)–(4.43). It has the same
symmetries as Hψψψ and its eigenfunctions can be classified by parity with respect to the
cyclic permutation P of the three quarks (5.1), ε = 1, e±i2pi/3 Due to the identity (3.7)
we are interested in eigenfunctions which satisfy the restriction
3∑
i=1
Ψ
(i)
N,q(z1, z2, z3, z4) = 0 . (5.33)
The eigenfunctions belonging to the sectors with ε = e±i2pi/3 have the same eigenvalues,
EN,q(ε) = EN,q(ε
−1), and are related to each other as Ψε
−1
N,q(~z) = P12ΨεN,q(~z). As in the
case of quark operators, in the applications to nucleon distribution amplitudes we are
interested in the eigenfunctions of particular symmetry, cf. (3.10). One can easily verify
that the combination ΨN,q(~z) = (1 + P12) ΨεN,q(~z) with ε = ei2pi/3 has all the necessary
properties. In turn, the eigenvalues with ε = 1 are not degenerate and the corresponding
operators (eigenfunctions) are relevant e.g. for the ∆-baryon.
In order to calculate the spectrum we have used the basis of functions
eN,k,m(z1, z2, z3, z4) =
(z1 − z4)k (z2 − z4)m(z3 − z4)N−2−k−m
k!m! (N − 2− k −m)! (5.34)
and diagonalized the resulting N(N−1)×N(N−1) matrix numerically. The translation
invariance of eN,k.m corresponds to the restriction to conformal operators, cf. Eq. (5.23).
The combined spectrum of three-quark and three-quark-gluon chiral operators is
shown in Fig. 4. (all parities) and in Fig. 5 ( ε = ei2pi/3 only). Note that the quark-gluon
spectrum is much more dense as for given N there are O(N) quark and O(N2) quark-
gluon eigenstates. Also, it is seen that for large N the spectra overlap significantly. It is
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Figure 4: The combined spectrum of the Hamiltonians Hψψψq (crosses) and Hψψψf¯g (open
circles), all parities.
easy to show that for N →∞ the eigenvalues lie within the bands
16
3
lnN < EψψψN,q < 8 lnN ,
16
3
lnN < Eψψψf¯N,q < 14 lnN . (5.35)
Note that the lowest four-particle quark-gluon eigenvalue has the same logarithmic
asymptotic as the lowest three-quark one, so that they are separated at most by a
constant. This suggests that for most of the quark eigenstates there is strong mixing
with the quark-gluon ones, see the next Section.
The combined spectrum of three-quark and three-quark-gluon operators with mixed
chirality is shown in Fig. 6. It is similar to the chiral case, except that all eigenvalues
are nondegenerate.
5.4 Multiplicatively renormalizable operators
For the construction of multiplicatively renormalizable operators one has to take into
account the off-diagonal quark-gluon blocks Hchiralqg and Hmixedqg for the chiral and mixed
cases, respectively. Note that the complete (reduced) evolution Hamiltonian H˜ is not
Hermitian, therefore its eigenfunctions are not mutually orthogonal.
In order to find the multiplicatively renormalizable operators we adopt the following
procedure. The nonlocal operator O(~z) can be expanded over a complete basis of mul-
tiplicatively renormalizable local operators (4.9) with the coefficient functions ΨN,q(~z)
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Figure 5: The same as in Fig. 4, but for ε = ei2pi/3 only. All eigenvalues are double–
degenerate.
that are eigenfunctions of the Hamiltonian H˜
[H˜ΨN,q](~z) = EN,qΨN,q(~z) , (5.36)
cf. (4.10). Let Ψ†N,q be the eigenfunctions of the adjoint operator H˜†
[H˜†Ψ†N,q](~z) = EN,qΨ
†
N,q(~z) . (5.37)
The functions ΨN,q(~z) and Ψ
†
N,q(~z) form a bi-orthogonal system:
〈Ψ†N ′,q′ |ΨN,q〉 = δNN ′δqq′ . (5.38)
Eigenstates corresponding to different eigenvalues are orthogonal with respect to the
scalar product (4.35). The multiplicatively renormalizable local operators ON,q can be
obtained as the scalar product of the nonlocal operator with the eigenfunction of the
adjoint operator
ON,q = 〈Ψ†N,q|O〉. (5.39)
With the increasing N the expressions rapidly become very cumbersome so that in this
work we present explicit results for N = 0, 1, 2 only.
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Figure 6: The combined spectrum of the Hamiltonians Hψψχq (crosses) and Hψψχf¯g (open
circles).
To begin with, consider chiral operators. Let
Q
(k1,k2,k3)
1 =
ijk[(n ·D)k1ψa−]i [(n ·D)k2ψb+]j [(n ·D)k3ψc+]k ,
Q
(k1,k2,k3)
2 =
ijk[(n ·D)k1ψa+]i [(n ·D)k2ψb−]j [(n ·D)k3ψc+]k ,
Q
(k1,k2,k3)
3 =
ijk[(n ·D)k1ψa+]i [(n ·D)k2ψb+]j [(n ·D)k3ψc−]k , (5.40)
and
G
(k1,k2,k3,k4)
1 =ig
ijk (µλ) [(n ·D)k4 f¯++(n ·D)k1ψa+]i [(n ·D)k2ψb+]j [(n ·D)k3ψc+]k ,
G
(k1,k2,k3,k4)
2 =ig
ijk(µλ) [(n ·D)k1ψa+]i [(n ·D)k4 f¯++(n ·D)k2ψb+]j [(n ·D)k3ψc+]k , (5.41)
As discussed above, the eigenfunctions alias multiplicatively renormalizable operators
can always be chosen in this case to have definite parity with respect to the cyclic per-
mutations (5.3). We remind that the spectrum for ε = e±i2pi/3 is double degenerate.
Any linear combination of the corresponding eigenfunctions satisfies the evolution equa-
tion. We present the results corresponding to the operators of definite symmetry under
permutation of the first and the second quark
Ψ±N,q = (1± P12)ΨεN,q (5.42)
which are more convenient for applications than those with definite ε = e±i2pi/3. One
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obtains
Ochiral,+0,0 =Q
(000)
1 +Q
(000)
2 − 2Q(000)3 ,
Ochiral,+1,1 =Q
(100)
1 −
3
2
Q
(010)
1 +Q
(001)
1 −
3
2
Q
(100)
2 +Q
(010)
2 +Q
(001)
2 +
1
2
Q
(100)
3
+
1
2
Q
(010)
3 − 2Q(001)3 ,
Ochiral,+2,0 =Q
(200)
1 + 2Q
(020)
1 +Q
(002)
1 − 4Q(110)1 + 2Q(101)1 − 4Q(011)1 + 2Q(200)2
+Q
(020)
2 +Q
(002)
2 − 4Q(110)2 − 4Q(101)2 + 2Q(011)2 − 3Q(200)3 − 3Q(020)3
− 2Q(002)3 + 8Q(110)3 + 2Q(101)3 + 2Q(011)3 −
7
12
G
(0000)
1 −
7
12
G
(0000)
2 ,
Og,chiral,+2,0 =
3
2
(
G
(0000)
1 +G
(0000)
2
)
, Eg,chiral2,0 = 19/3 (5.43)
and
Ochiral,−0,0 =Q
(000)
1 −Q(000)2 ,
Ochiral,−1,1 =3Q
(100)
1 +
1
2
Q
(010)
1 − 2Q(001)1 −
1
2
Q
(100)
2 − 3Q(010)2 + 2Q(001)2
− 5
2
Q
(100)
3 +
5
2
Q
(010)
3 ,
Ochiral,−2,0 =Q
(200)
1 +
4
3
Q
(020)
1 +
5
3
Q
(002)
1 − 2Q(101)1 − 4Q(011)1 −
4
3
Q
(200)
2 −Q(020)2 −
5
3
Q
(002)
2
+ 4Q
(101)
2 + 2Q
(011)
2 +
1
3
Q
(200)
3 −
1
3
Q
(020)
3 − 2Q(101)3 + 2Q(011)3
− 7
36
G
(0000)
1 +
7
36
G
(0000)
2 ,
Og,chiral,−2,0 =
1
2
(
G
(0000)
1 −G(0000)2
)
, Eg,chiral2,0 = 19/3 . (5.44)
The multiplicatively renormalizable operators of the lowest dimension in the ε = 1 sector
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are
Ochiral,11,0 =Q
(010)
1 −Q(001)1 −Q(100)2 +Q(001)2 +Q(100)3 −Q(010)3 ,
Ochiral,1a2,1 =Q
(020)
1 −Q(002)1 − 6Q(110)1 + 6Q(101)1 −Q(200)2 +Q(002)2 + 6Q(110)2 − 6Q(011)2
+Q
(200)
3 −Q(020)3 − 6Q(101)3 + 6Q(011)3 ,
Ochiral,1b2,1 =Q
(200)
1 −
1
2
Q
(020)
1 −
1
2
Q
(002)
1 −Q(110)1 −Q(101)1 + 2Q(011)1
− 1
2
Q
(200)
2 +Q
(020)
2 −
1
2
Q
(002)
2 −Q(110)2 + 2Q(101)2 −Q(011)2
− 1
2
Q
(200)
3 −
1
2
Q
(020)
3 +Q
(002)
3 + 2Q
(110)
3 −Q(101)3 −Q(011)3 . (5.45)
The operators Ochiral,1a2,1 and O
chiral,1b
2,1 have the same anomalous dimension E
chiral
2,1 = 4,
cf. Table 2, so that any linear combination of them is multiplicatively renormalizable as
well. Note also that for N = 2 there is no quark-gluon operator, the reason being that
for ε = 1 the cyclic permutation symmetry picks up the combination which is forbidden
because of the condition in Eq. (3.7).
Next we consider the operators involving quark fields of mixed chirality. Let
Q(k1,k2,k3)1 =ijk [(n ·D)k1ψa−]i [(n ·D)k2ψb+]j [(n ·D)k3χ¯c+]k ,
Q(k1,k2,k3)2 =ijk [(n ·D)k1ψa+]i [(n ·D)k2ψb−]j [(n ·D)k3χ¯c+]k ,
Q(k1,k2,k3)3 =
1
2
ijk [(n ·D)k1ψa+]i [(n ·D)k2ψb+]j [(n ·D)k3χ¯3/2,c+ ]k , (5.46)
where χ¯
3/2
+ ≡ χ¯(3/2,0)+ = −(µDλ¯)χ¯+ ≡ −Dµλ˙χ¯+, cf. Eq. (2.59), and
G(k1,k2,k3,k4)1 =igijk (µλ) [(n ·D)k4 f¯++(n ·D)k1ψa+]i [(n ·D)k2ψb+]j [(n ·D)k3χ¯c+]k ,
G(k1,k2,k3,k4)2 =igijk (µλ) [(n ·D)k1ψa+]i [(n ·D)k4 f¯++(n ·D)k2ψb+]j [(n ·D)k3χ¯c+]k . (5.47)
In the mixed case there is no additional symmetry and all eigenvalues are non-degenerate.
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The multiplicatively renormalizable operators of the lowest dimension read
Omixed0,0 =Q(000)1 −Q(000)2 ,
Omixed1,0 =Q(100)1 +Q(010)1 −
3
2
Q(001)1 −Q(100)2 −Q(010)2 +
3
2
Q(001)2 ,
Omixed1,1 =Q(100)1 −Q(010)1 +
1
2
Q(001)1 −Q(100)2 +Q(010)2 +
1
2
Q(001)2 +Q(000)3 ,
Omixed2,1 =Q(200)1 −Q(020)1 −
2
3
Q(002)1 − 2Q(101)1 + 3Q(011)1 −Q(200)2 +Q(020)2 −
2
3
Q(002)2
− 2Q(011)2 + 3Q(101)2 +Q(100)3 +Q(010)3 −
4
3
Q(001)3 +
91
282
G(0000)1 +
91
282
G(0000)2 ,(
Omixed2,0
Omixed2,2
)
=Q(200)1 +Q(020)1 +
4
27
(
4±
√
43
)
Q(002)1 +
4
9
(
−5±
√
43
)
Q(110)1
+
2
9
(
1∓ 2
√
43
)
Q(101)1 −
1
9
(
17± 2
√
43
)
Q(011)1 −Q(200)2 −Q(020)2
− 4
27
(
4±
√
43
)
Q(002)2 −
4
9
(
−5±
√
43
)
Q(110)2 −
2
9
(
1∓ 2
√
43
)
Q(011)2
+
1
9
(
17± 2
√
43
)
Q(101)2 +
1
9
(
19∓ 2
√
43
) [
Q(100)3 −Q(010)3
]
+
1
234
(
33∓ 16
√
43
) (
G(0000)1 − G(0000)2
)
.
Og,mixed2,0 =G(0000)1 − G(0000)2 , Eg,mixed2,0 = 7 ,
Og,mixed2,1 =3
(
G(0000)1 + G(0000)2
)
, Eg,mixed2,1 = 79/9 . (5.48)
The corresponding eigenvalues (anomalous dimensions) are listed in Table 3.
Closing this section we want to emphasize that all of the above results are written
for generic quark flavors and can be applied to the study of baryon states with arbitrary
quantum numbers.
6 Nucleon Distribution Amplitudes
6.1 The leading twist-3 distribution amplitude
For completeness and for further use in Sec. 6.3.2 we write down the expansion for the
leading twist-3 distribution amplitude Φ3(x, µ) (3.2)
Φ3(x, µ) =x1x2x3
∑
N,q
cNq φNq(µ)PNq(x) , (6.1)
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where µ stands for the scale dependence. The polynomials PN,q(x) are related to the
eigenfunctions ΨN,q of the Hamiltonian H1/2 (4.49) and are given by
PN,q(x1, x2, x3) = 〈e
P
xkzk |ΨNq(~z)〉 , (6.2)
where 〈. . .〉 is the SU(1, 1)-invariant scalar product (4.34) corresponding to the spins
j1 = j2 = j3 = 1. The normalization constants cN,q are defined as
c−1Nq = ||ΨNq(~z)||2/Γ(2N + 6) =
∫
Dx x1x2x3|PNq|2 . (6.3)
Finally, the scale-dependent coefficients φN,q(µ) are defined as reduced matrix elements
of the multiplicatively renormalizable twist-3 operators
Otw−3(~z) =ijkψu,i+ (z1)χ¯
u,j
+ (z2)ψ
d,k
+ (z3) ,
Otw−3Nq (µ) =PNq(∂z)O
tw−3(z, µ)|~z=0, (6.4)
〈0|Otw−3Nq (µ)|N〉 = +
1
2
(pn)N↓+ (−ipn)N φNq(µ) . (6.5)
Taking into account Eq. (6.3) one can project the coefficients φNq as follows
φNq(µ) =
∫
DxPN,q(x) Φ3(x, µ). (6.6)
The first few terms in the expansion (6.1) read
Φ3(x1, x2, x3) =120x1x2x3
[
φ
(2/3)
0 + 42φ
(26/9)
1,0 P1,0(x) + 14φ
(10/3)
1,1 P1,1(x) +
63
10
φ
(38/9)
2,0 P2,0(x)
+
63
2
φ
(46/9)
2,1 P2,1(x) +
9
5
φ
(16/3)
2,2 P2,2(x) + . . .
]
, (6.7)
where
P1,0(x) =
1
2
(x1 − x3) ,
P1,1(x) =
1
2
(x1 + x3 − 2x2) ,
P2,0(x) =3x
2
1 − 3x1x2 + 2x22 − 6x1x3 − 3x2x3 + 3x23 ,
P2,1(x) =(x1 − x3)(x1 + x3 − 3x2) ,
P2,2(x) =x
2
1 + x
2
3 − 12x1x3 + 9x1x2 + 9x2x3 − 6x22 . (6.8)
The superscript in φ
(ENq)
N,q shows the corresponding anomalous dimension:
φ
(ENq)
N,q (µ) =
(
αs(µ)
αs(µ0)
)ENq/β0
φ
(ENq)
N,q (µ0) . (6.9)
These expressions agree with the ones existing in the literature, e.g. [43, 9, 44, 45]. In
notations of Ref. [36]
φ03 = φ
(2/3)
0 , φ
−
3 = 12φ
(26/9)
1,0 −
7
2
φ
(10/3)
1,1 , φ
+
3 = 12φ
(26/9)
1,0 +
21
2
φ
(10/3)
1,1 . (6.10)
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6.2 Twist-4 distribution amplitudes: General formalism
The construction of twist-4 distribution amplitudes is somewhat more cumbersome be-
cause O(~z) (4.6) involves five independent light-ray operators (for both chiral and mixed
cases), and also because triangular mixing between quark and quark gluon operators
makes the Hamiltonian non-hermitian. Solving Eq. (5.36) one obtains the expansion of
O(~z) in the form
O(~z) =
∑
N,q
CNqΨNq(~z)ONq , (6.11)
where‖
ONq = 〈Ψ†Nq|O〉 , C−1Nq = 〈Ψ†Nq|ΨNq〉 . (6.12)
We remind that Ψ†Nq are the eigenfunctions of the adjoint Hamiltonian (with respect to
the scalar product (4.35)), cf. Eq. (5.37). It is convenient to split the sum in (6.11) in
two: one contains the “three-quark operators”, and the other one – three-quark-gluon
operators:
O(~z) =
∑
N,q
AnqΨNq(~z)ONq +
∑
N≥2,q
BnqΨ
g
Nq(~z)O
g
Nq . (6.13)
Due to a block-triangular form of the Hamiltonian H˜, Eq. (4.5), only the first three
(“quark”) components of the coefficient functions ΨaNq(~z), a = 1, 2, . . . , 5 corresponding
to the “quark” operators are nonzero, Ψa=4,5N,q = 0. On the other hand, all five components
of the coefficient functions ΨgNq are nonzero, in general.
For the eigenfunctions of the adjoint operator H˜†, (5.37), the situation is the opposite:
the “quark” eigenfunctions have all components nonzero, whereas “quark” components
of the quark-gluon eigenfunctions vanish, Ψg,†,a=1,2,3Nq = 0. Since the diagonal blocks of
the Hamiltonian (4.5) are self-adjoint operators one can choose the eigenfunctions Ψ and
Ψ† as follows
ΨNq(~z) =
(−→
ΨNq(~z)
−→
0
)
, Ψ†Nq(~z) =
−→ΨNq(~z)−→˜
Ψ †Nq(~z)
 ,
ΨgNq(~z) =
−→˜Ψ gNq(~z)−→
Ψ gNq(~z)
 , Ψg,†Nq(~z) =
( −→
0
−→
Ψ gNq(~z)
)
. (6.14)
Here
−→
ΨNq(~z) ,
−→˜
Ψ gNq(~z) are three–dimensional “vectors”, whereas
−→
Ψ gNq(~z) ,
−→˜
ΨNq(~z) are
two–dimensional. It follows from (6.13) and (6.12) that the only remaining “daggered”
‖The coefficients CNq are added (cf. Eq. (4.9)) to allow for arbitrary normalization for the functions
ΨNq,Ψ
†
Nq.
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function
−→˜
Ψ †Nq(~z) can be expressed as follows:
−→˜
Ψ †Nq(~z) =−
∑
q′
BNq′〈−→ΨNq|
−→˜
Ψ gNq′〉
−→
Ψ gNq(~z) , (6.15)
i.e. explicit construction of the adjoint Hamiltonian is in fact not necessary.
Our task is to write the expansion of the nucleon distribution amplitudes in con-
tributions of multiplicatively renormalizable operators. To this end it is convenient to
introduce auxiliary amplitudes
〈0|Oa|P 〉 = −1
4
(µλ)(−ipn)naN↓(↑)+
∫
Dx e−i(pn)
P
k xkzkOa(x) , a = 1, 2, . . . , 5 . (6.16)
The r.h.s. of Eq. (6.16) involves the nucleon spinor N↓(N↑) for the chiral (mixed)
operator, respectively. The factors (−ipn)na are introduced for later convenience: For
the chiral operators we choose n = (0, 0, 0, 2, 2), and for the operators of mixed chirality
n = (0, 0, 1, 2, 2). It will always be clear from the context which operator, chiral or
mixed, is considered, so that we do not show it explicitly.
The “standard” nucleon distribution amplitudes introduced in Sec. 3 are related to
the amplitudes O(a) as follows:
Ξ4(x1, x2, x3) = O(1)(x1, x2, x3) , Ξg4(x1, x2, x3, x4) = O(4)(x1, x2, x3, x4) (6.17)
for the chiral case and
Ψ4(x1, x2, x3) =O(1)(x2, x3, x1) , Ψg4(x1, x2, x3, x4) =O(4)(x2, x3, x1, x4),
Φ4(x1, x2, x3) =O(2)(x1, x3, x2) , Φg4(x1, x2, x3, x4) =O(5)(x1, x3, x2, x4),
D4(x1, x2, x3) =O(3)(x1, x3, x2) (6.18)
for mixed chirality.
We define reduced matrix elements of the multiplicatively renormalizable local oper-
ators as
〈0|OaNq|P 〉 =−
1
4
(µλ)(−ipn)NN↓(↑)+ φNq . (6.19)
It follows from Eqs. (6.16) and (6.12) that
φNq =
∫
Dx
∑
ab
P a,†Nq (x) ΩabOb(x) . (6.20)
Here
P a,†Nq (x) = 〈e
P
k xkzk |Ψ†,aNq〉a , (6.21)
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where 〈. . .〉a is the SU(1, 1) invariant scalar product (4.34) corresponding to the confor-
mal spins of the function Ψ†,aNq. We also define the functions
P aNq(x) = 〈e
P
k xkzk |ΨaNq〉a. (6.22)
The scalar product for the functions ΨNq ,Ψ
†
Nq that corresponds to conformal operators
(i.e. ΨNq(z) and Ψ
†
Nq(z) are shift-invariant polynomials) can be written as
〈Ψ†Nq|ΨNq′〉 = cN
∫
Dx
∑
ab
µa(x)P †,aNq (x) Ωab P
b
Nq′(x) ≡ cN(P †Nq|PNq′) , (6.23)
where cN = Γ(2N + 5) and the integration measure is defined as
µ1(x) = x2x3 , µ2(x) = x1x3 , µ4(x) = µ5(x) =
1
2
x1x2x3x
2
4 ,
µ3(x) =
{
x1x2 the chiral case
1
2
x1x2x
2
3 the mixed case .
(6.24)
Since the functions ΨNq and Ψ
†
Nq form a bi-orthogonal system one obtains
Oa(x, µ) = µa(x)
∑
Nq
cNq φNq(µ)P
a
Nq(x) , (6.25)
where
c−1Nq = (P
†
Nq|PNq) = C−1Nq/cN . (6.26)
The scale dependence of the reduced matrix elements is given by
φNq(µ) =
(
αs(µ)
αs(µ0)
)ENq/β0
φNq(µ0) . (6.27)
We now specialize to the particular cases of interest.
6.3 Chiral amplitudes Ξ4, Ξ
g
4
The expansion for the chiral quark, Ξ4, and gluon, Ξ
g
4 nucleon distribution amplitudes
reads
Ξ4(x, µ) =x2x3
[∑
N,q
aNq ξNq(µ) ΠNq(x) +
∑
N≥2,q
bNq ξ
g
Nq(µ) Π˜
g
Nq(x)
]
,
Ξg4(x, µ) =
1
2
x1x2x3x
2
4
∑
N≥2,q
bNq ξ
g
Nq(µ) Π
g
N,q(x) , (6.28)
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where ΠNq(x) = P
a=1
Nq (x), Π˜
g
Nq(x) = P˜
g,a=1
Nq (x), Π
g
N,q(x) = P
g,a=1
Nq and the expansion co-
efficients ξNk, ξ
g
Nk are defined as reduced matrix elements of the multiplicatively renor-
malizable operators
〈0|Ochiral+N,q (µ)|N〉 =−
1
4
(µλ)mNN
↓
+ (−ipn)N ξNq(µ) ,
〈0|Og,chiral+N,q (µ)|N〉 =−
1
4
(µλ)mNN
↓
+ (−ipn)N ξgNq(µ) . (6.29)
Explicit expressions for the operatorsOchiral+N,q , O
g,chiral+
N,q for N ≤ 2 are given in Eq. (5.43);
the corresponding anomalous dimensions can be found in Table 2.
Taking into account the symmetry properties (3.9), (3.10) one can write the normal-
ization constants as
a−1Nq =2
∫
Dxµ1(x) ΠN,q(x)
(
2 + P23
)
ΠN,q(x) ,
b−1Nq =2
∫
Dxµ4(x) ΠgNq(x)
(
2 + P23
)
ΠgNq(x) , (6.30)
where P23 is the permutation operator: P23Φ(x1, x2, x3) = Φ(x1, x3, x2). Projecting out
the contribution of a particular operator one finds
1
2
ξgNq =
∫
DxΠgNq(x)
(
2 + P23
)
Ξg4(x) ,
1
2
ξNq =
∫
DxΠNq(x)
(
2 + P23
)
Ξ4(x)−
∑
q′
mNqq′ ξ
g
q′ , (6.31)
where
mNqq′ = 2
∫
Dxµ1(x) ΠNq(x)
(
2 + P23
)
Π˜gNq′(x) . (6.32)
Finally, taking into account the contributions with N ≤ 2 we obtain the distribution
amplitudes
Ξ4(x, µ) =4x2x3
[
ξ0,0(µ) Π0(x) + 9 ξ1,1(µ) Π1(x) + 12 ξ2,0(µ) Π2(x) +
28
3
ξg2,0(µ) Π˜
g
2(x)
]
,
Ξg4(x, µ) =
1
3
8!x1x2x3x
2
4 ξ
g
2 (µ)Π
g
2(x) , (6.33)
where
Π0(x) =1 ,
Π1(x) =x1 + x3 − 3
2
x2 ,
Π2(x) =x
2
1 − 4x1x2 + 2x22 + 2x1x3 − 4x2x3 + x23 ,
Π˜g2(x) =
43
2
x21 + 4x1x2 − 2x22 − 47x1x3 + 4x2x3 +
13
2
x23 . (6.34)
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and Πg2(x) = 1/2. In notation of Ref. [36]
λ2 =ξ0,0 ,
λ1f
d
2 =
4
15
ξ0,0 +
2
5
ξ1,0 . (6.35)
6.3.1 Mixed chirality amplitudes Φ4,Ψ4,Φ
g
4,Ψ
g
4
The distribution amplitudes Φ4, Ψ4, D4 have collinear twist 4, but receive contributions
both from geometric twist-3 and twist-4 operators. Moreover, among twist-4 operators
there are descendants of twist-3 operators which matrix elements do not involve new
nonperturbative parameters, cf. [46]. In the discussion of the operator renormalization
in Sect. 5 such operators were excluded by imposing appropriate symmetry conditions
on the solutions of the renormalization group equations, Eqs. (5.23), (5.32), and they
are not listed in Sect. 5.4. They do contribute to the distribution amplitudes, however.
The contributions to collinear twist-4 amplitudes that can be expressed in terms of the
leading twist distribution are usually referred to as Wandzura-Wilczek contributions,
with the remaining parts being “genuine” twist-4:
Φ4(x) =Φ
WW
4 (x) + Φ
tw−4
4 (x) ,
Ψ4(x) =Ψ
WW
4 (x) + Ψ
tw−4
4 (x) ,
D4(x) =D
WW
4 (x) + D
tw−4
4 (x) . (6.36)
In what follows we consider these two types of contributions separately.
6.3.2 Wandzura-Wilczek contributions ΦWW4 ,Ψ
WW
4
Let
Otw−3(~z, λ) ≡ Otw−3(z1, z2, z3;λ) = Otw−3(z1, z3, z2, λ) (6.37)
be the leading-twist light-ray operator that enters the definition of the leading twist-3
distribution amplitude: In comparison to (6.4) we have replaced z2 ↔ z3 and added an
argument λ to remind that the “plus” projection is done with respect to this particular
spinor.
The short-distance expansion of Otw−3(~z, λ) can be written as
Otw−3(~z, λ) =
∑
N,q
CNq
(
ΦNq(~z)Otw−3Nq (λ) +
1
4(N + 3)
S+ΦNq(~z) i[Pλλ¯,Otw−3Nq (λ)]
)
+ . . . .
(6.38)
Here the first term in parenthesis corresponds to the contribution of the conformal
twist-3 operators Otw−3Nq (λ) (6.4) which are annihilated by the step-down operator of
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the SL(2) algebra, so that i[Kµµ¯,Otw−3Nq (λ)] = 0. The corresponding coefficient func-
tions ΦNq(z1, z2, z3) are shift-invariant homogeneous polynomials of degree N and are
related by a simple change of arguments z2 ↔ z3 to ΨNq(~z) appearing in (6.2). The
normalization coefficients are chosen as CNq = ||ΦNq||−2 = cNq/Γ(2N + 6), cf. (6.3).
The second term in (6.38) corresponds to contribution of the operators that in-
clude one total derivative (in “plus” direction). Note that the corresponding coeffi-
cient functions can be obtained by application of the three-particle “step-up” operator
S+ = S+j1=1 + S
+
j2=1
+ S+j3=1 =
∑
k(z
2
k∂zk + 2zk) (2.40) so they are not independent and
do not need to be calculated separately. The terms with two and more total derivatives
have the similar structure. They are indicated by ellipses.
Omitting contributions of genuine geometric twist-4 operators the expansion of the
light-ray collinear twist-4 vector-operator Omixed(~z) reads to the same accuracy
[Oa(~z, µ, λ)]tw−3 =
∑
N,q
CNqΨ
a
Nq(~z)ONq(µ, λ) +
∑
N≥1,q
CNq Ψ̂
a
N+1,q(~z)ÔN+1,q(µ, λ)
+
∑
N,q
CNq
1
2(2N + 5)
S+ΨaNq(~z) i[Pλλ¯,ONq(µ, λ)] + . . . , (6.39)
where
ONq(µ, λ) =
1
N + 2
(µ∂λ)Otw−3Nq (λ) ,
ÔN+1,q(µ, λ) =
1
4(N + 3)2
(
i[Pµλ¯ ,Otw−3Nq (λ))]−
N + 2
2N + 5
i[Pλλ¯ ,Otw−3Nq (µ, λ)]
)
(6.40)
are the light-cone conformal operators i[Kµµ¯,ONq(µ, λ)] = i[Kµµ¯, ÔN+1,q(λ, µ)] = 0. (It
is tacitly assumed that the generator S+ in the second line in Eq. (6.39) involves the
conformal spins of the functions it acts on.) The operator ONq(µ, λ) has geometric
twist-3 whereas ÔN+1,q(µ, λ) contains both twist-3 and twist-4 contributions.
The task is to find the corresponding (five-component) coefficient functions ΨNq, Ψ̂Nq.
This can be done by observing that Oa(z, µ, λ) only depends linearly on µ and essentially
reduces to Otw−3(z, λ) after a formal substitution µ → λ. Taking into account the
identities
λ∂µO(a=1,2)(~z, µ, λ) =Otw−3(~z, λ) , λ∂µO(a=3)(~z, µλ) = −∂z2Otw−3(~z, λ) (6.41)
and comparing the two representations in (6.38) and (6.39) one easily gets for ΨNq
Ψa=1,2Nq (~z) =ΦNq(z) , Ψ
a=3
Nq (~z) =− ∂3ΦNq(~z) , Ψa=4Nq (~z) =Ψa=5Nq (~z) = 0 . (6.42)
For the functions Ψ̂aNq one obtains, after some algebra
Ψ̂
a=1(2)
N+1,q (~z) =−
[
S+ − 2(N + 3)z1(2)
]
ΦNq(~z) ,
Ψ̂a=3N+1,q(~z) =−
[
2(2N + 5)− [S+ − 2(N + 3)z3]∂3]ΦNq(~z) , (6.43)
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where S+ = S+j1=1 + S
+
j2=1
+ S+j3=1. One can easily check that the functions Ψ̂Nq defined
in Eq. (6.43) are shift-invariant polynomials, as they should be. They are normalized as
||ΨNq||2 = (N + 2)||ΦNq||2 , ||Ψ̂N+1,q||2 = 2(2N + 5)(N + 3)2||ΦNq||2 . (6.44)
Going over to the “P-representation” as defined in Eq. (6.22) we obtain
P
(1)
Nq (x) =∂1x1 P
tw−3
Nq (x) , P
(2)
Nq (x) =∂2x2 P
tw−3
Nq (x) , P
(3)
Nq (x) =− 2∂3 P tw−3Nq (x) (6.45)
and
P̂
(1)
N+1,q(x) =
(
2N + 5−X∂x1
)
x1 P
tw−3
Nq (x) ,
P̂
(2)
N+1,q(x) =
(
2N + 5−X∂x2
)
x2 P
tw−3
Nq (x) ,
P̂
(3)
N+1,q(x) =− 2
(
2N + 5−X∂3
)
P tw−3Nq (x) , (6.46)
where X = x1 + x2 + x3.
Taking appropriate matrix elements we end up with the Wandzura-Wilczek contri-
butions to the auxiliary distributions O(a) (6.16)
[O(a)(x)]WW = µa(x)
∑
Nq
cNq φNq
(2N + 5)
(
1
N + 2
P
(a)
Nq (x)−
1
N + 3
P̂
(a)
N+1,q(x)
)
, (6.47)
where cNq, φNq are the twist-3 expansion coefficients, (6.1). One can easily verify the
following relation (cf. Eq. (3.19)):
[O(3)(x)]WW = x1 [O(1)(x)]WW + x2 [O(2)(x)]WW . (6.48)
Finally, taking into account Eqs. (6.18) we obtain
ΦWW4 (x) =−
∑
N,q
cNq φNq
(N + 2)(N + 3)
(
N + 2− ∂
∂x3
)
x1x2x3 P
tw−3
Nq (x1, x2, x3) , (6.49)
ΨWW4 (x) =−
∑
N,q
cNq φNq
(N + 2)(N + 3)
(
N + 2− ∂
∂x2
)
x1x2x3 P
tw−3
Nq (x2, x1, x3) , (6.50)
where the polynomials P tw−3Nq (x) are defined in Eq. (6.1), (6.8). These expressions present
one of the main results of this paper.
6.3.3 Genuine twist-4 contributions Ψtw−44 ,Φ
tw−4
4 ,Ψ
g
4,Φ
g
4
The expansion of the twist-4 auxiliary amplitudes Oa(x) (6.16) reads
Oa(x) =µa(x)
[∑
Nq
ANq ηNq PaNq(x) +
∑
N≥2,q
BNq η
g
Nq P˜aNq(x)
]
, a = 1, 2, 3 ,
Oa+3(x) =1
2
x1x2x3x
2
4
∑
N≥2,q
BNq η
g
Nq Pg,aNq(x) , a = 1, 2 . (6.51)
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The coefficients AN,q and BN,q are given by
A−1Nq =
∫
Dx x1x2x3
(
1
x1
|P1Nq(x)|2 +
1
x2
|P2Nq(x)|2 +
x3
4
|P3Nq(x)|2
)
,
B−1Nq =
∫
Dxµ4(x)
∑
ab
Pg,aNq(x)ωabPg,bNq(x) , (6.52)
where in the last line ω =
(
2 1
1 2
)
. Note a useful identity
P3Nq(x) =
2
x23
∫ x3
0
dτ τ
(
∂1P1Nq(x1, x2, τ) + ∂2P2Nq(x1, x2, τ)
)
(6.53)
which is a consequence of Eq. (5.32).
The reduced matrix elements ηNg(µ) and η
g
Ng(µ) are defined similar to (6.29), replac-
ing the spin-down spinor N↓ by the spin-up one, N↑, cf. (6.16), (6.19). The expressions
for the operators OmixedN,q , O
g,mixed
N,q for N ≤ 2 and the corresponding anomalous dimen-
sions are given in Eq. (5.48) and Table 3, respectively. They can be isolated by the
projection
ηNq =
3∑
a=1
∫
DxPaNq(x)Oa(x)−
∑
q′
MNqq′ η
g
Nq′ ,
ηgNq =
∫
Dx
∑
ab
Pg,aNq(x)ωab Gb(x) , (6.54)
where
MNqq′ = BNq′
∫
Dx x1x2x3
(
1
x1
P1Nq(x)P˜g,1Nq′(x) +
1
x2
P2Nq(x)P˜g,2Nq′(x) +
x3
4
P3Nq(x)P˜g,3Nq′(x)
)
.
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Taking into account the contributions of local operators with N ≤ 2 we obtain
Ψtw−44 (x, µ) = 12x1x3
[
η0,0(µ) + 4 η1,0(µ)P1,0(x2, x3, x1) + 20
3
η1,1(µ)P1,1(x2, x3, x1)
+
5
2
(
11
2
+
5√
43
)
η2,0(µ)P2,0(x2, x3, x1) + 45
2
η2,1(µ)P2,1(x2, x3, x1)
+
5
2
(
11
2
− 5√
43
)
η2,2(µ)P2,2(x2, x3, x1) + 140
117
ηg2,0(µ) P˜g2,0(x2, x3, x1)
+
70
47
ηg2,1(µ) P˜g2,1(x2, x3, x1)
]
,
Φtw−44 (x, µ) =− 12x1x2
[
η0,0(µ) + 4 η1,0(µ)P1,0(x3, x1, x2)− 20
3
η1,1(µ)P1,1(x3, x1, x2)
+
5
2
(
11
2
+
5√
43
)
η2,0(µ)P2,0(x3, x1, x2)− 45
2
η2,1(µ)P2,1(x3, x1, x2)
+
5
2
(
11
2
− 5√
43
)
η2,2(µ)P2,2(x3, x1, x2) + 140
117
ηg2,0(µ) P˜g2,0(x3, x1, x2)
− 70
47
ηg2,1(µ) P˜g2,1(x3, x1, x2)
]
,
Ψg4(x, µ) =
1
4
8!x1x2x3x
2
4
[
ηg2,0(µ) +
1
3
ηg2,1(µ)
]
,
Φg4(x, µ) =−
1
4
8!x1x2x3x
2
4
[
ηg2,0(µ)−
1
3
ηg2,1(µ)
]
, (6.55)
where
P1,0(x) =x1 + x2 − 3
2
x3 ,
P1,1(x) =x1 − x2 + 1
2
x3 ,
P2,1(x) =x21 − x22 − 2x1x3 + 3x2x3 −
2
3
x23 ,(P2,0(x)
P2,2(x)
)
=x21 +
4
9
(
−5±
√
43
)
x1x2 + x
2
2 +
2
9
(
1∓ 2
√
43
)
x1x3
− 1
9
(
17± 2
√
43
)
x2x3 +
4
27
(
4±
√
43
)
x23 ,
P˜g2,0(x) =64x21 − 55x1x2 +
11
2
x22 − 73x1x3 + 11x2x3 +
17
2
x23 ,
P˜g2,0(x) =16x21 −
1
3
x22 − 32x1x3 + x2x3 + 5x23 . (6.56)
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The expression for D4(x, µ) (3.15) can be obtained using the integral representation in
Eq. (3.19).
The reduced matrix elements ηNq for N = 0, 1 are related to the parameters intro-
duced in Ref. [36] as
λ1 =− η00 ,
λ1 f
d
1 =−
1
6
φ00 − 3
10
η00 − 1
5
η10 +
1
3
η11 ,
λ1 f
u
1 =−
1
6
φ00 − 1
10
η00 − 3
5
η10 +
1
3
η11 . (6.57)
The term in φ00 is the Wandzura-Wilczek contribution that can be traced to the twist-4
operator containg a transverse derivative of a local twist-3 three-quark operator (and
properly symmetrized).
7 Conclusions
The motivation for our study has been to work out efficient techniques for a calculation
of anomalous dimensions of generic higher twist operators in QCD. Apart from the ap-
plications to QCD phenomenology, this project was fuelled by the recent progress in the
understanding of the spectrum of the dilatation operator in the maximally supersymmet-
ric N = 4 Yang-Mills theory [26] and, in particular, the work [27] where it was argued
that the diagonal part of one-loop QCD RG equations (for arbitrary twist) can be writ-
ten in a Hamiltonian form in terms of quadratic Casimir operators of the full conformal
group SO(4, 2). In simple words, the symmetry under the conformal transformations
in the directions orthogonal to the light-cone plane implies existence of relations be-
tween the renormalization group equations of different (geometric) twist. This, in turn,
suggests that the techniques developed for the description of quasipartonic operators in
QCD [23] can be generalized to include non-quasipartonic operators as well. Our goal
was to develop a consistent computational framework based on these ideas.
The first step was to construct the appropriate operator basis with “good” transfor-
mation properties. We found that the complete basis of one-particle conformal operators
for chiral quark and self-dual gluon fields in QCD contains seven light-ray fields, and sim-
ilar in the anti-chiral sector. An interesting feature of this basis is that it includes some,
but not all, transverse derivatives: If the transverse plane is parameterized in terms of a
single complex variable as it is usually done in the studies of high-energy scattering, then
the basis fields only include holomorphic derivatives acting on holomorphic components
of the fields, and vice versa.
Although much of the formalism appears to be general, in this paper we concentrate
on the simplest example of non-quasipartonic twist-four baryon operators that contain
two “plus” and one “minus” quark field, schematically q+q−q+, and their mixing with
(quasipartonic) four-particle operators involving a gluon field, of the type q+q+q+F+⊥.
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For this setup we calculate all one-loop evolution kernels and check that they are SL(2)
invariant, as expected. The evolution equation for three-quark operators of the same
chirality turns out to be completely integrable. The spectrum of anomalous dimensions
coincides in this case with the energy spectrum of the twist-4 subsector of the SU(2, 2)
Heisenberg spin chain, confirming the prediction of [27]. We find the explicit expression
of the corresponding conserved charge and calculate its spectrum. A simple analytic
expression is found for the lowest anomalous dimension for chiral quark twist-4 operators
with odd number N = 2k + 1 of covariant derivatives. For other cases the spectra are
studied numerically, see Figs. 2–6 and Tables 2,3. It turns out that differences between
twist-4 and twist-3 operators and also between twist-4 operators of different chirality
mostly affect a few lowest eigenstates (for a given N); the upper part of the spectrum
of anomalous dimensions is universal. The spectrum of twist-4 quark operators overlaps
strongly with that of quark-gluon operators, apart from a few lowest states.
Finally, these results are applied to give a general classification and calculate the
scale dependence of subleading twist-4 nucleon distribution amplitudes that are relevant
for hard exclusive reactions involving a helicity flip. In particular we introduce new four-
particle distribution amplitudes involving a gluon field, and derive explicit expressions for
the expansion of all distribution amplitudes in contributions of multiplicatively renormal-
izable operators taking into account first three orders in the conformal spin expansion.
As a byproduct of our analysis, we give an all-order expression (in conformal spin) for
the contributions of geometric twist-3 operators to the (light-cone) twist-4 nucleon dis-
tribution amplitudes, which are usually referred to as Wandzura–Wilczek contributions.
The applications of these results to phenomenology of hard exclusive reactions will be
considered elsewhere.
The techniques suggested in this paper can have a rather broad field of applica-
tions, in particular to the calculation of twist-4 corrections to the structure functions of
deep-inelastic lepton-hadron scattering. We plan to consider this problem in a separate
publication.
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